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3.1 Partial Differentiation

i3.11 j Introduction

So far we have discussed various concepts related to a function of one independent
variable only. That is, discussion related to y = f(x).

Practically we do come across with quantities whose value depend on more than one
independent variable.

For example the area (A ) of a rectangle depends on its length (1) and breadth ().
Thatis A = f{I, b). Volume (V) of a parallelopiped depends on its length (1),
breadth (#) and height (k). Thatis V = f(1, b, I).

We are conversant with the differentiation of a function of one independent variable
and this topic is again the discussion of known concepts of differentiation in a broader
perspective,

Precisely, this topic deals with the differentiation of a function of many independent variables.

[3.12] Partial derivatives

Let u be a function of two independent variables x and y.

e., u=f(x, y) _

Recapitulating the definition of g*;i inthecaseof y = f(x),

[ordinary derivative to be specific] the partial derivatives of ¥ w.r.t x and also w.r.t y
are defined in a similar fashion.

Here goes the definitions.
du flx+8x, y)—f(x y)
uo_ (1)
dx dx—0 Bx
o [ y+8y)-f(x y) ey
ay Sy —0 6y

{"0" is the symbol of partial derivative usually read as “del” and it should not be written as
"8” (delta) an acquainted symbol | '

Thus (1) is called the partial derivativeof u w.r.t x and (2)is called the partial derivative
of 1 wrt y.



164 DIFFEHENTIAL CALCULUS - 3

It should be observed that in the equation (l) x is varying whereas y is remaining
constant. Also in the equation (2} v is varying whereas x is remaining constant,

The derivative of u w.rt x treating y as a constant is called as the pariial derivative

of u wrt x and is denoted by u or u,

dx
Similarly the derivative of w w.r.t y treating x as a constant is called the partial

derivative of u w.rt y and is denoted by 3 O Yy

ay

The product rule, quotient rule and the function of a function rule continues to hold
good here also.

Observe the following comparisons.

Ordinary derivative ' Partial derivatives
Cy=3leexe7 Lou=alyrentey
gz 6x+6+0=6x+6 :g—:=(61)y+6-1-y2+0=6xy+6y2

[y is treated as constant]

: %=3xz-1+6x-2y+0=3xz+12ry
Cfx is treatedasconstant]
..2;_1_;_;_}”3. L ..212,.!;_84“3!’ . :
dy  axs3 4 0¥ 43y B ~
f ax ¢ 4 (4+3) o € T (XTS)
. =e4x+3_4=4e4.r+3 - Ai:r+3y (4+0) 4f4x+3y
: % axazy B
, 3 =€ (4x+3y)
: . =84x+3y‘r0+3}=3e4x+3y
L3l y sin 5x 3. u=sin(xy)
. __E_ . a
cos 5x-5="5cos 5x : Evl cos(xy) (xy)=cos(xy)-y

d
gvli:cos(xy)—(xy):cos(xy)-x

4 ymnl(2/x a 1 d
e V4 e o 5 T1a(y/x) axm
dx ~ +(2/x)? d’-‘("} o = X ¥ _y
_ _2___2 ’ ~12_+y2[ 2] x2+y2
Prd ¥ Pra ou 1 3y
dy 1+ (yix) By x]
x? i x
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Ordinary dgﬁvative Partial derivatives

d ,,ood 5. If r isafunctionof x and ¥,

S =f (y) 2 : 7 Bafincion ol x and ¥
# o 2 en=pinX
dx - dx

2 =
=1 (5

5.

cerneral pnncaiple of pariiat (b cierenttanon

Given a function of many independent variables, the derivative of this function with
respect to a particular independent variable, keeping (treating) all other independent
variables as constants is the general principle of partial differentiation.

Higher order partial derivativi-
These are also analogous with the higher order ordinary derivatives.

Let us suppose that u = f(x, y). The development of higher order partial
derivatives is as exhibited below. ' '

u="Ff(xvy)

_ First order partial derivatives

" L
o oox vy oy
[ Second order partialderivatives —l
_ o () P Y ()
= gxlax] @ Wwayayﬁayz
3 (ou) u Mixed J { du Fu
b =5 | 3217 & p T3 U =— | — =
» dy (ax | dyox  partial derivatives W dx Lay dx dy
and so-on
Itis very important to note that;
Pu _Pu
dydx Oxdy yr T ¥
Widism i 10 TR i Pt

HERRT i G

Given an explicit function of more than one independent variable we find the required
partial derivatives just keeping in mind the gereral principle of partial differentiation
stated earlier along with the well acquainted rules of differentiation. The following
note on symmetric functions will be highly useful for certain problems.
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Note : Symmetric function : A function f(x, y) is said to be symmetric if .
fix, y) = fly, x) and a function f(x, y, z) is said to be symmetric if
fix, v, 2)=f(y, 2, x) = f(z, x, y). In general we can say that a function of several
variables is symmetric if the function remains unchanged (invariant) when the variables are
cyclically rotated. Observe the following examples.

(i x+y, x2+y2, %}yé’ x2+xy+y2, log \Ixi+? etc.

are symmetric functions of two variables as it can be easily seen that when x is replaced by
y and y by x the functions remain the same.

(ii) Iz+y2+22, xy+yz+zx, X/y+y/z+z2/% log{x+y+z),
13+y3+z3-3zyz efc.

are symmetric functions of three variables.

It is very important to note that, if we have a symmetric function of three variables say

u = f(x, y, z) then by just computing u. or u_ or Hy, Wecan simply writedown

easily the other partial derivatives ( My U, yoor ( Moy o w, ) or (u,, u,) by simple

yz’
guiess work. There is no need to show the working of similar computation of partial derivatives

Wehave 1 = ¥’ —3x2 + x+ ¢ cos y + 1

%% = C-}:!c:'z—Sy2 +1+€ cosy ...{y is treated as constant.)
Differentiating this w.r.t x partially again,

%Z—x;_‘ = bx+¢ cosy ...(Again y is treated as constant.)
Next, %E = —6bxy-& siny ...(x istreated as constant.)

Different{ating this w.r.t y partially again,

= —6x-e*cosy ...(Again x is treated as constant.)

Pu
e
2
Now .aélz_x:-'-%y%

This proves the desired result.

= 6x+ecosy—6x-e cosy = 0
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o ; e _ ) . dT S i
A L[S SR ST reetnaf - 4 D LT

2
 >> Wehave u = ¢ 2" fsinmxsinmy

2%t

T =€

ox
Differentiating this w.r.t x partially again,

(rcosmx)sinmy ...(t & y aretreated as constants)

2
az,l: = ¢ 2" '(—uzsin‘!tx)sinny = -fu
ad

2t

% =g sinftx(mcosmy) ...(F & x are treated as constants)
Differentiating this w.r.t y partially aéain,
82u 2,;1
5 =€ sinmx (- nzsmny)-—nzu
Thus LHS = Fu 32“ —Pu-Pu = -217u D)
T
Also %—!: = 2% be- 21|:2)sinnxsinny . (x & y are treated as constants)
Thus RHS—-%=—2nzu L 2)
Pu Bzu ou
~ from (1) and ) — + — = =
a2 ap o
3.0 u = log | vy shon flud dotluo=

LoV b )

> u=log(x2+y2)—log(x+y)
1 1

c2x - = .1
:|r2+y2 x+y

[

and =

AT R
2y y xﬂf
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_2r2_x+2y2_y
T T 22 xvy Py Xty

202488 (xry)
2+ xty

-1=1

1 -k du it
4. it i o= o Ys fan v by show that o beo o= 2abu
it du

o> u =% gin(ax+by)

g—: = &by cos(ax-!-by)—a-ra-e“'by sin (ax + by )
ie., %=a XYY cos (ax+by) +au | D

du x —by x—by
Also a = Weos(ax+by) b+ (-b)¢ sin (ax +by)
. du x-by
ie., e =be cos (ax+by)-bu o 2)

ow b%u; - a%by using (1) and (2) becomes
= gbé™ "% cos (ax+by) +abu—abé*” bY cos (ax + by) + abu
= 2abu
ou du
Th X o az =2
e PwTty T
5 Ifu=r¢ TP (a cospx » bsinpy ), show thar . = o2 N,
—czpzr 2 :
>> u, = ¢ (-—czp Y(#cospx+bsinpx)
ie., u, = -—czpzu ()
2.2 -
Also u, =¢°? ' (~apsinpx+bpcos px)
2 2

u,=¢°F ‘(-—apzcospx—bpzsinpx)
. 2 2
ie., un=-p2e_"p'(acospx+bsinpx)
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or u, = - pPtu by using the data.
czuxx=—c2p2u e {2)

> %:'cmosze | Q)
'gz;;i=%c0529' (2
.
du =2 u 4
Also — = ~= 5in20 d —5 = —-—cos28
B 2 A
1 &u 4
- T 5 = -~ cos20 _ .. {3
At A @
Pu 13 1 %
Thus from (1), Q) and (3) — + - = , 2 4
M @and 0) 25+ 250+ 5
6 2 4
= 20820 ~ — 0520 — ~cos26 =0
A A A
This proves the'desired result.
I . I )1
- 'aj‘_ 1 -l= y .l-— l
| BN Y NEeE Y N2e g
az 1 -
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>> Wehave u = tan'l-(y/x)

%= 1+(;/x)2'%(z}__x2__'l; X
P u 8(

dyax ~ oy
N G
“ul7)
_FEr A (N -y~

Py (2 4+ )
Pu | P2

¥ e T (a2 )

P u 3 ( ou
Also 5oy~ & ("ag]

_9{_x
K (rz+y2]
(PP) 1-x o Pap-ad
R s
. 8211 _ yz—xz
Ay (P+yP)
Pu  Fu
axdy  dyox

o vl s

(a) Now

... by quotient rule.

Th

From (1) & (2)

D)

@)
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| -m
_ P+ (2y)- (y2 x2)2(£+y2)2y .
P+ yz) ... by quotient rule
(e[ (Prh)-2(2-4) |
- (xz+y2)4
Thus 08 _ (37 -4) - s
Wox (PP B
Al =_@.[9.2_uJ=i§_[§£]
s x| a2 | ox oyl oy
_ 2 x
(717
K2 (x2+y2) O0-x - 2y] 2xy
K a"{ <r2+y2)2}
(PP (e 2y 2P 4R) -
(F+y
2y(x2+y2)[—(12+y2)+4£]
i (Fri )
Pu 23— @
3x3y2 (Jr2+3,/2)3 :
Also 2 u —i[ﬁ-}
3y8x3y—ay ax dy
_3 - i
= 3 {(x2+y2)2} ... by using (2)
_EeA () - (P-A)2(P ) - 2y
(P42t
_ (PP [P -2+ 24
o (2442
Pu_ (3 -)
Thusl ayaxay_ (1‘2+y2)3 ... (5)

“From (3), (4) and (5) the result follows.
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Fz_ 3%
dxdy x| dy
By data, z=xztan'1(y/x)—y2tan“1(x/y)
Jz 2 1 1 { ‘ 1 x

>> We have

—<+2ytan ! (x/y)

e el

dy T e * ] 1y P
{We have used the product rule while differentiating the second term)
dz X x yz -1
fe., — = + =2y tan x/
dy TR R MR
ie., aZ=ﬂﬁ-‘b—2yt;m L (x/y)
(F+y%)

(%) _4 5 —1 1
ax[ay]_l 23{[1+(Jc/3,r)2 y:|
Pr_ | 2P _Pepo2p Py

* o Ewy T AT T2 P
Pz 2oy
T %oy ™ ey

., i n T . L TN TR

-1
>> u = tan q==ﬂ=-== by data.
[ 1+12+y2:| y
v

14X+ |
iR+ P 1 - ——t o x2
13+ e N1+ 2+ >
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¥ (1+2)(1+y) | Vied+y?
ie % _ X |
’ dy (1+y2)\/1+xi+?
Now i(f’}i%m}__i X
T\ ) 1+ O N1l ef
o Pu 1 L+2ey -1 2V1+ 2+
T ay 14y 1424y
_ 1 (14242
1+ [ (14224772
R,
T 1+ (14242 )2
“Thus 32u= 1

1L u = sin"! {(y/x)

w 1. 1_ __x 1__ 1

V1-(ya ) T 7 X A
Now o u = u A L 1

8xay_ ¥ ax| dy _Bx(mJ
ie., =%{(x2_y2)_m} =—%(‘t‘2-y2)'3a 29
Thus u X

" B
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Thus 1 = —s—o—
" T
From (1) and (2) ey = By - The result is verified.
12. u=xY¥
a“ y—l . . d n n—1
3 =YX ... Treating y as a constant we have used E(x ) =nx
% = x¥logx ... Treating x as a constant we have used %(cx) = d"loga
_Fu 3 (i =2 (Ylogx)
"o T xay ox|oy) ox' 0B
ie., =x¥ . %+yxy_1 - logx ... (byproduct rule)
=¥ iy g
“Thus uxy=xy_1(1+ylogx) ()
Fu  o{m)_ 3
Also o yor = % axJ ay(yx )
ie., =y-xy_1logx+xy_l-1=x~"'_](ylogx+1)
-1
Thus uyx=xy (1+ylogx) )

From {1) and (2) Uy = Wy The result is verified.
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;% = EI . cosy+ex(xcosy_ysiny) __,byprodur.‘t mk’.

%3 = e't(—xsiny—ycosy—siny) = —e"(xsiny+ycosy+siny)
%u d ( du d , .
prr vl [@] = —ax{e"(xsmy+ycosy+smy)]
ie., = —{ex . siny+€t(xsiny+ycosy+sin.y)}
Thus ury=-—ex(2siny+xsiny+ycosy) D)
Fu 3 (m)_ 3 ,
WE [a—xJ =% {ex(cosy+xcosy—ysmy)}
ie., = e_”(-—smy—xsiny-—ycosy_—siny)
Thus  u, = —eI(ZSinyI+xsiny+ycosy) o (2)
From (1} and (2), My = uyx. The result is verified.

>> Wehave z=tan(y+ax)+(y fur)z"2

%‘-secz(y+ax) a+- (y a:nr)M (—a)

Differentiating w.r.t x again partially,

% 2sec(y+ax)- sec(y+ax)tan(y+ax). g2 % %(y ax)-lfz.az
?2—= 2{2598(y+ax)tan(y+ax)+-(y ax)” 1"2} (1)
Now, gzl secz(y+ax)+ (y mr)l/2
 d (o2 3 1 -
Als:,o a—y-(gyf} = 2sec(y+ax) - sec(y+ax) - tan(y+ax)+§ . i(y-ax) 172
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i{=2sec2(y+ax)tan(y+ax)+%(y—ax)_1”2 Q)
Using (2) in (1) we have — = a’azz
ax2 3y
Thus if azsy—z=o
>> v = e*Pcos(alogr) |
%:-eaa-sin(alogr)-% Q)
%[%]:—e“e{sin(alogr)-[-—:-2*}+cos(alogr)—§l
ie, %=%e“esin(alogr)—-'a;z-e“ecos(alogr) @
Next, -g%=aeaecos(alogr)
%[%]:%:aze“e cos (alog r) ..
Consider 9;7" . %’;’ + % by using (1), 2) and (3).

- %e“esin(alogr)—ée“ecos(alogr)}
2

‘ +{__%e"°sin(alogr)}+l%e“acos(alogr)] =

o8

+

P
¥¥
el

o
~ Thus 81'2+

r
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X - b - :“ - - . . : . . ! d“ . {)”
1o, F 1Y = Ty foond Hooedlng o0 stich Bl , F . b= "
il i 1 I b T ”f

2
>> Wehave 0 = {7~ " 74

2 2 2
B gre-ru| I +n T em T4 by product rule.
442

Jt
ie., g—?:%rztﬂ—ze—rz,/4t+ntn_]e-rz/‘“
do _am — 4 __zz _ l -1 P4t
Next 'a'r'- ={te . ar = Ztu re
99 _ 113 -Ara
'Zar =zt e
2 % _ ! 3 et 2r — 4
Now Br(rzarJﬁ" 2 {re AT +372¢

2 2
A tn—ZE-th_gtn—l 2 g=rrat

e f

1 9200} _12n-2 -t 3 -1 s
2 Br["zar]_ 4rzt e —2t e

| . on L 2(200)_ 2
Using (1} & (2) in the equation, 3 o (rz 3 ) =3 we have,

1 g 2 3.4 _2 1 e 2 oy .2
AN 2, r/4t___tn 1, T/ S 2, 2, r/4t+ntn le r/4t
2 4
3,1 2 1 2
#n le ""m:nf" le v /4t

or —E

Thus the required value of n = -3/2.

L 3.
2—ﬂ

. e
Lt

>>  u= ™+ f(ax~by), by data.

g—: = ¥ +by. f'(ax~by)a+ae ™ Y ax - by)

du ax+by ., )
or —=aeVf (ax—by)+au

dx
Next, % _ e (ax—by) - (=b)+be™ W f(ax—by)

dy

D)

. (2)

(1)
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or = = b (g by)+ b - A2)
a

- Ly e ou -
Now consider LHS = & 3 +a 3y by using (1} and (2).

b{afx+by_f’(ax‘lly)+au}+a{—bé”'”byf’ (ax-by) +bu}

abd OV £ (ax—by) +abu—abd TV (ax—by ) +abu
2abu = RHS

Thus ba—m+aa—ﬂl =2abu
dx

3y

>> Wehave u = f(x+ct)+g{(x-ct)
u = g—: = f'{x+ct) - 1+g (x—ct) - 1
2% u
u,_ o=

o T 2 = f(x+ct)+g" (x—ct)
X

w = 2= ety - (@)+g (xct) - (=)

i '——-‘82 s
H 3 t:a

% u

2

11

= f(x4ct) - (PY+g {x-ct) ()

ie., f,,

l
]

dat
Using (1) in (2) we have u,, = bl u.

cz[f”(x+cf)+g”(x~ct] . (2)

»>> Wehave u = —}{_f(r—at)+¢(r+at}}

1
%:i = -;[f’(r—at) (—a)+¢ ' (r+at) - a‘]
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Fu 4l

ie., Ei—:—r—[f”{r—at)+¢”(r+at)] (1)
Next % %[f(r—at) 1+¢’{r+at)v1J+[_f(r—at)+¢(r+ar):|-[—EZ—J
rz%l; [f (r—at)+¢’ (r+at)] [f(r—at)+¢(r+at)1
58;{2%11}—?'“' (r— at)+¢”(r+at)] [f’(r—at)+¢’(r+at)]
—[f (r—at)+¢'(r+at)}
:r[f”(r—at)+¢:"(r+at)]
@3 () o
©2 [,za_]__[f (r-at)+o” (r+an) ] @)
Pu o 9 y0u
From (1) & (2) T:;g[ng
>> z=f1(y—3x)+f2(y+2x)+sinx—ycosx
-gizfl’{y—i’ax)v(~3)+_f2’[y+2.x)-2+cosx+ysinx
9 [ =f"(y=3x) - 9+£," (y+2x) - 4-sinx +ycos x
ar | ax 1T 2 VY 4
, 3z
fe., 812 = 97 (y-3x)+4f (y+2x)~sinx+ycosx (1)
dz _ ., ,
a—y—fl(yus.r)+f2(y+2x)-cosx
0 (&) _ Pz _ . |
TRE IR R A DAL e

Also i(a—J fl”(j 3x) - (-—3)+f2”(y+2x)‘2+sinx
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P

‘e., axay=-S_fl"(y—3x)+2f2"(y+2x)+sinx )]
Consider 32 12"‘ " a?:;y —6321; using (1), (2) and (3).

=[9f1”(y-3x)+4f2”(y+2x)—sinx+ycosx] _
+[—3fl”(y—3x)+2f2”(y+?_r)+sinx} ~6[f1"(y—3x)+f2”(y+2x)}
=9 " (y=3x)-9f"(y-3x) +6£," (y+2x)-6£," (y+2x) +ycos x

= YCos X
Thus ?xz—z + a?:azy - 6% = YCosx

>> Bydata u = logVx +; +2 =%log(x2+y2+zz)

The given u is a symmetric functionof x, y, z,

(1t is enough if we compute only one of the required partial derivative)

w1 1 L x
dx 2 242470 2+ + 2
Pu_dfaw)_a( x
axz _aX{ax]_ax(xz+y2+zzJ

- (x2+y2+22)1—x - 2x y2+22—x2

fe.,

(x2+y2+22)2 _(x2+y2+22)2
9 u - y2+zz-- (1)
a? (;v52+3/2+z:2)2 o
Pu_ Padey?
Similar] =
iy 37 T (Fee ) . @
Pu L7

32 (PP +22Y -3
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Adding (1), (2), and (3) we get,
Fu  Pu  Pu x2+y2+22 1

P I A S B B 5 I .

Thus (f+yz+f)[‘;’xg , *;;‘ R ‘fz;‘] -1

>> # = log (tanx +tany+tanz) isasymmetric function.

sec2 X

H =
¥ tanx+tany+tanz

(Zsinxcosx)seczx

sin2xu =
tanx +tany+tanz
N sin2xu, - 2 tan x --(1)
tanx +tany+tanz
. _ 2tany
larl =
S}Im arly sin 2y uy tanx +tany +tanz ®
t
sin2zu = Zianz -9

Z tanx+tany+tanz
Adding (1),(2) and (3) we get,

2’ + +
sin2xu_+sin2yu +sin2zu, = (tanx+tany+tanz) _
X ¥ 2 (tanx+tany+tanz)

Thus sianux+sin2yuy+sin21uz =2

>> 1 = (x2+y2+22 )_1”2 is a symmetric function of «x, y, z,
g—: = --%(J|:2+3,{2+;:2)'3/2 -2 = —(x2+y2+22)_3/2 - X

%{(xz+y2+z2)'3/2 - x}

- )
—{(:r2+y2+z2)‘3"2 : 1+x(—%)(12+y2+zz)‘5”2 . Zr}
-—[(xz+y2+zz)'3/2——3x2(x2+y2+z2)'5/2}

o (o
x| ax

1}

]
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2

ie., %—2’{:3x2{x2+y2+z2)‘5’2-(x2+y2+z2)‘3’2 Y
X
2

Similarly U 32 (PP + ) V(P Q)
&
2
%;25=322{x2+y2+22)"5/2—(x2+_1/2+22)_3’(2 3

Adding the results (1), (2) and (3) we have,

P u . % u . 3% i

oyt 0
3(x2+y2+z2)'5”/2(12+y2+z2)—3(x2+y2+zz)"3”2
3(x2+y2+z2}'3/2—3(12+y2+22)‘3/2 =0

?u Pu Fu
Thus + + =90
»r a3
>> u =1l 3 3_ i i i
= log (x +y3 +z” —3xyz) is a symmetric function.
dut 3x% - 3yz
T =3 33 .1
X x4y’ 4z -3ayz
ou 3y2—32x
— =T . (2)
dy x4y 2’ - dayz
33y o

dz x3+y3+z3—3xyz
Adding (1), (2) and (3) we get,
du Odu Ou 3(x2+y2+z2—xy—yz—z-x)
w Ty TR 3,3, 3
dx dy Iz (x"+y +2° - 3xyz)

Recalling a standard elementary result,

@+ b+~ 3abe = (a+b+c)(az+b2+czﬁab-bc—ca)
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we have,

du s du Lo 3(x2+y2+22-xy—yz—zx)

I dy 9z {x+y+z)(x2+y2+22-xy—yz—zx)
Thus au_'_ig 9 _ |

3
dx  dy YT X+y+z

“,_‘——J . by using the earlier resuit.

d 3 d 3 d 3 )
_— +_..- —— +_. -—
x| x+y+z oyl x+y+z dz X+y+z |

_ -3 -3 -3 _ -9
ST o at 3t 7= 3
(x+y+z) (x+y+2) (x+y+z) (x+y+2z)
2
d d d -9
Th — + - + H=-
® [ax oy az} (x+y+2)°

> z=ﬁ'IZ

N by data, is a symmetric function of x, y
rry

oL

2 (x+y) - (241 _ X4y -if

.. {1
X (Jr+y)2 (Jr+3,!)2 M)

o

2
Sirnilarly g; - 112%—2:‘—3’% )
x+y
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Now |%Z_% =("2+2W‘.‘/2)-(}/22+2xy—x2)
ox dy (x+¥)

_2(P-y) _ 2(x=y)(xty) _2(x-¥)

(x+y ¥ (x+y) (x+y)
2 2
[Qa_ﬂz, g lxoyy 3
ox oy (x+y) o
Now, 4[1—95—§] =4 1—’(2+2xy"2£— 5’2+2"1”'2"2
ox dy (x+y) (x+y)

4 (x+y ) ~2 -2+ - -2y + 2

(x+5,r)2 '
) dz 9z | _
fe., 4[1‘33;‘@{1“4

Thus from (3) and (4) { % -

[ n—

2 2
_@uﬁ}g";u @

(Jc+y)2 (x+y)2

2
R

=4hy

This is analogous to the concept of the differentiation of implict functions in the case
of ordinary derivatives.

Given a relation of the form f(x, y, z) = ¢, we need to identify the dependent
variable and the associated independent variables based on the required partial

o P P

ax * oxdy’ —é;f
infer that z is a function of x and V.

derivatives. For example if etc, are required we have to obviously

Suppose wehave x = f(u, v) and y = g(u, v) and letus suppose that %‘i and

ou . : ‘ ' - :
= is required. In this case we have to express u In terms of x and y as asingle

" equation by eliminating v from the given relations.
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It is important to note the following difference

-gl; = dlx and vice - versa, where as
%)

@ # 1 du 1

ox

WORKED PROBLEMS

?
. - - ] I r Y 1 1
20, I XY 2 s oo show that -(f—-*" = - (_“j_ﬂ&‘_}__(_. _'_‘ __yl
7 X dx dy (1 +logz)’
-

&z
and hence deduce that -2 .~ —{xlogex)y” Y when v = Y=z

ox rfl.f

>> Wehave x* ¥ 2 = ¢ and we have to treat z asa function of x

to find the required partial derivative.
Taking logarithms on both sides of the given equation we get
xlogx+ylogy+zlogz = loge

Differentiating partially w.r.t. y bearing in mind that z is a function of x &

0+ (y-§+1 . logy)+(z : —}+1 . logz}% =

@E__(li-logg)

d  (l+logz)

2 (&), _a [(+logy)
N o [ay M {(1+Iogz)}

19z

) P (1+10gz)-0-—-(1+10gy)-—z-é;
ie., = -~

Ox dy (1+logz)?
Taking a note that the given function is symmetric we can write,

oz _(l+logx)

¥~ (l+logz)
Using {2} in (1)we get,

¥z _ (1+logx)(1+logy)

dx dy z(1+logz)®

and ¥ inorder

Y we get

.. (1)

(2

Further when x = y = 2, the RH.S of the above expression on replacing y and z

by 'x assumes the form
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Pz (A+logx)(l+logx) 1

axay* x(1+1ogx)3 T T x(1+logx)
___ 1 IS S —1
" “x(loge+logx)  xlogex = ~(xlogex)

Thus [aiz;y]“ . = —(xlogex) !

oy

> A= 7«'—-1::)2+(y—b)2+(:c—-:)2 is a symmetric function.
(Wi ... not prefer to write the expression for 1)
Differentiating partially w.r.t x onboth sides, we have,
o _ o _(x-8)
2rax—2(x a) or Foial

Pr_a(or)_2l(x-a)
gx2  ox | dx ) ox r

Applying quotient rule we get,

. 3r
&y r-;-—(x—a)-b-; B r—[(x~a) (x—a)/r]
FEE 2
rz--(x---a)2

X ?’3

g
2
Similarly %}l - f_ig___bl_

ti

X%,

[>]

P

Fr_rP-(z=cy
3z P
Adding the results (1), (2) and (3) we get,

Fr Fr Fr 1

_ 2 Z '
Fw. + V‘*‘ SZ 3 {3r2-{(x-a) +{y—b) +(z—c)2]}

DIFFERENTIAL CALCULUS - 3

D)
. 2)

. (3)
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T Y - F R EEIY PR

fa}

>>  Observing the desired result, we need to first express r as a function of x & v.
¥=rcosh, y=rsinbd gives x2+y2 = r?
Now consider ¥* = %%+ yz which is a symmetric function.

Differentiating partialy w.7.t x on both sides we get

o . O X imilarty ¥
2r ax—Zx or o= =7 ermlarlyay—r

Now & _ 3 (dr)_3(x
a2 9x | ox ax | r

Applying quotient rule, we have,

1 or a
Fr TIFn rx g 2o
F R
. azir'__t’z—y2
Similarly - = 3
Fr Pr P-P Ao 1 -
e e G Y N

dr x rcosB
(b) Py . = cos 6
Since x =rcosB, a—x=c0sﬁ
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29 if x = rcosD, ¥y = rsin @ shour that

2 . —
L ) — v
‘ = r_)3 (lopry = = _-‘--i--.-,- {logry - ¥ }E
o rh,.f a2 e .
>>  Observing the required partial derivatives, we need to express r and 8

in terms of x, .
x=rcosf, y=rsinb gives 1'2+y2 = 2

Also _EE}.L‘E=£ or tan8 =< = B=tan'1(y/x)
reos§ X X :

(i) Consider 0 = tan™ ! (y/x)

aa 1 1 1'2 1: X
W 1e(yal X L X P
ﬂ_i(@_ o (P+y?) - 1-x - 2x
oxdy  ox _8 (fhf} (2 +42)
Fo _ p-2

™S axay (P +y Y

(ii) Let u = logr = log Va2 + 42 =%log.(x2+y2)
du 1 1

Now =

X
.. .2x =
dx 2 :r:2+y2 x2+y2

fﬁ-i(@i}:i x (x2+1/2) x - 2x
aw?  Ox{ox) Ox [r2+y2) (x +y2)
Pu  f-2

0 (PP )

Since u = log Vx? + 1/2 is a symmetric function, we have similarly
Pu_ A=y -(f-4)
W (Y (L)

Thus from (1), (2) and (3) we have
%0 Fu -Fu

= where u = logr.

xyy a2

.- (1)

. (2)

(3
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fo

Since each of these is equal to (—F:?—z we have on substituting x = 7 cos 8,

Yy = rsin® the same becomes

rz(sm 8 - cos? 0) —(coszﬂ—sirlze)“~cos28

() > A2

300 I = f{ry where ¥ o= Ay - YT, fhew sl gt

.7 -
o u r) l ri 1 J

,3

)-:)- + OIS E T T F U e dedece the expression if w = "
X :m AT
>> u-f(r) where rlsafunchonofx v,z
=f(r)- (1)
_ or 2x X
But ro= +_|{2+Z2 give: g-m_?
Ju , x
Thus 5; =f'(r)- ;
Pu 3 (ou d s X
-3 (2)-2 o
Applying product rule we have,
r-1l-~x or
32 T . o x
1’2 =f(r) 2 +f (?')é"x“ "y
(r) X g X
v [r——x-r]ﬁ' (r)r
) (r2 =) 2
) 1 (r) - Z
& u 'S
315=f:{’(r2 P () 5 : @
arly 24 _ £ s
Similarly —- " -
imilarly o 2 --(3)
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ﬂ_f'(r) - ” 22
7= )
Fu Fu Fu
T+ — t+ —5
n &
=f_;§_"(’) [(P=@y+ (A=) +(P-2)) +£”Jr2il(x2+y2+z2)
B st (2442 A S Y
i

LY o2 prny = 2 gy

A
Fu Pu Pu

Thus (rye3 ey

+ - =
a’ a;F+az2 /
Nextif u = 1" thenf'(?)zﬂf"'_lff"(?')=ﬂ("—1)"n_2
Py Pu Fu

+

F ol 7

o' oyt 9z

='n(n-'1)r"_2+% o nn-1)""2e2n" "2 = P20 n+2n)

FPu Pu Fu - -
Thus 22 + 28 4 S8 = (em) "2 = n(ne 1)
ot of
Y. JFowo= P and v o= rens oy o SOl e e i
a° 1 ) Jd7 FETER e ( .
— ks F T N
A JuT '

>> Observing the required partial derivatives we conclude that u must be a
function of x, y.But u = f(r) by data and hence we need to have r as a function

of x, y. Since x = rcos®, y = rsin® wehave Jc2+y2 =~

wehave u = f(r) where r = \1?1-?

This example is virtually similar to the previous example wherein we had another term
2. Proceeding on the samé lines one can easily obtain
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Gl =f——'(3’)(r2-x2)+f”(r) - 2% and
.

o
ai‘. * ”

-1 }F3’)(,2_yz)+f r(zr) -y

Adding these results we get,

Fu Fu () ) oy
a2 PR {22 ()} + g (2 +y?)

:1% . #+Lr‘;2 A=y ()

=

2

Thus f—;+ =+l

2. 2
> If u=¢, thenmehavemshowhthatazuI g_'/; au [1+%J~‘?r

Here u = ¢" where /¥ = x T is a symmetric function.

d _ o
ox dx
Butr2=x2+y2+::2 and hence Zr%sz or g-;=—'}
du _ . x
Thus ox
Now a_z_r‘f_.i _E_’E_ .._a_ e x
a2 ox | ox A
ar |
1__ —
ie =e”rr “ox +e"§L ad
' L e
Sl 2l x
™ r 7€ r
a‘zu 8, }’2 Er
— = (P14 22
™ rs( )’2 x D
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. ?u 4 e
Similarly v —rs(r2~y2)+-r-2-.y2 @
Fu e’
5;2“=;§‘(’2“22)+‘lj'32 -3
Adding (1), (2) and (3} we get,
32u+82u'+82uﬂgr_[32_(12+y2+22)]+f:(x2+y2+22-)
o ayz at P 7

¢ ¢ 2
= ? c 2 +?—2— r2 = "—+Cr
Pu Fu Pu 2
Thus + + = | —+
w97 r
2 2 2
X 1 K
33. ff Y + _'2’{ SR A = 1, siew that
a“+u b+ u IR Y
D R .
[ i . i’ du i . i' du . xau N e du
! — | — =2l x— + w7 +z_ -
[ dx Ly .z Sy ! i oz |

»> Waeneed to treat u as a function of x, ¥, z.

+ yZ + Z =1
at +u b2+u cz+u

Differentiating partially w.r.t x we get

2 1 1 1
[ ————— 2_): e ————
{x (a2+u)2ux+ a2+u}+{y2 (b2+u)2ux}

“x[ 2 Va 2 } 2x

+ + =
(a2+u)2 (b2+u)2 (c2+u)2 2

Consider

or =
a +u

We get similar equations related to u, and u_ with the repetition of the expression
in the square bracket { ]. '
2 2 2
Let v=—5—3 %t 3 5 + 3
(a°+u) (b°+u) (+u)
Now we have three equations : y
2x _ 2z 2z

u v = ; . D
* @+ u 4 b4 u 2 E4u

for convernience.

Squaring and adding these we get,
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x2 2
(u§+u§+u3)02=4[ y2 z = 4p

a2+ )2 ¥ (b2+u)2 * (t:2+u)2
i)

(
LHS = @+l +u2 = 2
I —ux uy uz—v2

Taking a note of the required expression in RH.S, let us multiply the three equations
present in (1) respectively by x, y, z and add.

2 P2
xuxv+yuyv+zuzv=2[ +

.. (2)

o ohke ®

+
Z+ru Viu &+ u

A

+ +
a2+u b2+u C2+u

or 2(xux+yuy+zuz)=

2 p 2

+ + = 1, by data.
a2+u B+ u r:2+u y

LI N

But

4
Hence 2(xux+yuy+zuz)=;

L3

. from{2) and (3), u:+u§+u§ = Z(xux+yuy+zuz)

; oishdierentiotug
If ¥ =f(x, y) then the total differential or the exact differential of u is defined as
du ou
= -—dx + = d e
du = 5= dx 2y 1)
SaTeie U on o comipostte oLt omphoib runct e

If u=f(x, y) where x and y are functions of the independent variable ¢ then
w s said to be a composite function of the single variable t.

Also if u = f(x, y) where both x and y are functions of two independent
variables r, s thenwu is said to be a composite function of the two variables v and s.

The principle of differentiation of composite function is very much similar to that of
the function of a function rule associated with the ordinary derivative of a function of
a single independent variable.

We discuss two types involving partial derivatives.

oo edab desposties o .

I u=f(x y) where x = x(t) and y = y(t) then u isacomposite function of
the single variable . Therefore in principle we should be able to differentiate u with
respect to t which is an ordinary derivative.
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Thus we have with reference to (1),

dt ~ ox dt T 3y dt @)
This is called as the total derivative of u.

du _ du dx | du dy

Type - {i1). Chain rule

If u=f(x,y) where x =x(r,s) and y=y(r,s) then u isa composite
function of two independent variables r, s. Therefore in principle we should we able
todifferentiate u w.r.t r andalsow.r.t s partially. Thus we have the following chain
rules for the two partial derivatives. It is convenient to write the rule having the data
analysed in the following format.

du

or
- (x,y)y—(r,s) = u—>(r,s)<

du

ds
o dudx Wy W dud, wdy o
dr dx dr Jdy dr " ds Ox ds Iy I

Note-1. Therules (2) and (3) can be established from the basic limit form definition of
a partial derivative. :

2. The rules (2) and (3) can be extended to functions involving more than two
independent variables.

3. Therules (2) and (3) can be successively applied for getting higher order derivatives
of the given function.

4. Thesymbol — is used only to indicate the composition of the variables so that the associated
rule can be written conveniently.

Corollary : Ditlerentistion of zaplcit funtoony

Let u = f(x, y) and let ¥ be a function of x and also f(x, ¥) = ¢, ¢ beinga
constant,

te, u =f(x, y) where y = y(x). Hence by the rule of the total derivative,
du _ dudx du dy
dx = 3x dx gy dx

de_ | udy
dy. = ax aydx

fe.,

: d
Since u = f(x, y) = ¢ wehave d_: = 0 and the above equation becomes



PARTIAL DIFFERENTIATION

du  oudy dy B ,3u My
BT AR S U

Thus we cansay thatif 1 = f(x, y¥) = ¢ then

H

dy k&
or dx-— fy

Remark : It is a known fact that a function f( x,- y) = ¢ is called an implicit function
and we are conversant in finding the derivative of an implict function. Here we have a formula

dy _ _
dx

< 1

for % in terms of partial derivatives and the same can be successively applied for higher order
derivatives.

WORNED PROBEENVS
Working procedure for problens

= We have to analyse the composition of the variables and write the appropriate
formula.

® We then substitute for the possible derivatives in the formula and simplify
according to the requirement of the desired result.

= Sometimes we may have to change the composition of the variables so as to
achieve the desired result.

Pod e total differcutind of fi Zoiloweing funcis vis,
EAVE IR TREESS LT B T e R AN T
Moo i W, T 370w

i} o

M. Wehave # = x3+xyz+x2y+y3 ;- (x, y)

ou ou
du = ax_a‘x + aydy

Thus du = (3% + 2 +2xy)dx+(2xy+ 2 +3y%) dy

35, Wehave x = rsinBcos ¢ ;5 x-(r, 8, 0)

dx ax dx
de = 3 dr 4 S0do v Shd

Thus dx = (sinBcos¢)dr+(rcosBcosd)dd+(—rsinBsin$)d¢
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2 2

36. Wehave y = w s, +u,u;+u, “1 ;W (uy, uyuy)
ﬂdu

oy oy
dy = aldw1 auzdu +8u3

Thus y = (u§+2u1 u3)du1+(u§+2u1 uz)duz+(ui+2u2u3)du3

37. Wehave ¢ —ryzz3 ;9 - (x y 2)
d¢=99dx+5y9dy+idz
Thus dq:_(yzz3)dx+(2xyz’)dy+(3xy2z2)dz

Fomd u ¢ u]f }J 'I.t i “: (AR t r‘-l?lii-'i'-:"ll’:_f Fror A gecad aleo egrins Hs ol

f!u rhr fi‘ !’E"s.l’ ?H’ll

38, g TR
; ;!

[ i Cie ol A oo DT Poabor o
38, z=xy2+xzy;x=at,y=2at

[z—>(x,y)-—at] = zat&d— is the total derivative.

dt
gg azdx Bzgl,{
dt ax df dy dat
:(y2+2xy)a+(2xy+x2)2a

= (422 P +4aa* P )a+ (40 P +a% ) 2a
= (82 P a+(5a° )2 =8 ¥+ 1047 F = 18a° ¢ 2
dz
the total derivative — = 184> # ..

dt
Now by direct substitution we have,

]

z xy2+x2y = (at}(Zat)2+(at)2(2at) =47 P+24° 8

It

ie., z=6at
Now differentiating w.r.t f,

dz
dat

From (1) & (2) the resulf is verified.

= 62 . 3% = 184712



39. u=x+y’-7L x = y=¢cosht z = elsinkt
(= (x,9,2) > b= uot & % isthetotal&erivaﬁve.
du_duds  dudy dude
dt ~ox dt T 9y dt T 3z dt

= (2x) (e )+ (2y) (¢ sivh t +¢f cosh t)
~(2z) (¢ cosht+e sinh t)

Substituting for x; y, z, we get
=2e’{e'+e’cosht(sinht+cosht)—etsirﬂtt(cosht+siﬂ:t)}
=2e'-e’{1+coshtsinht+cosh2t—sinhtcosht-sinh2t}
=232'{1+(cosh2r—sinh2t)]
=24 (1+41) = 4%

d
the total derivative -d—:‘ = 4¢%

Now by direct substitution we have,
u= x2+y2—22 = (er)zw'—(f:"n:osht)z—(etsim‘vt)2
= eZ’{H(cosh"-t—smhzt)} = (141) = 28
fe., u=2e"
Differentiating w.r.t ¢ we get,

du
dt

From (1) and (2) the result is verified.

40. W=xy+yz+zx ; x = tcost, y = tsint, z = ¢
du
{u =2 {x, 1 z)> f} = u-t & N is the total derivative.
du  ou dx N dudy du dx

dt " oy dt T gydt T a7 di

=(y+z)(—fsint+cost}+(x+z}(tcost+sint)+(y+x)(1)

=(rsint+f)(—-fsint+cosr)+(fcosf+t) (tcost+sint)
+{tsint+tcost)

+

197

.. (1)
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(- sinft-t*sint+tsintcosf+tcost)

+(Pcos?t+ P cost+tsintcost+tsint)+(#sint+tcost)

t2(c052t-—sinzt)+t2(cosr-sint)
+2tsintcosb+2i(cost+sint)

Now at f = /4 we have cost = sint = /N2

Wy t1 1, afl, 1
[dt]t=n/4—-0+0+2 2 Vi—- \,2—+2 4(72--*.?2)
. du] T M
ie., — = — + .{1)
\ [dt e B 2

Now by direct substitution we have,

u=xytyztzx = fz(sintcost+sint+cost)
ie, u=#(1/2 sin2t+sint+cost)
Differentiating w.r.t t, we have,

% = 3 (cos 2t +cost-sint)+2t(1/2 - sin2t+sint +cost)

du w 1 1 (1 1 1
[dt]hm‘ls(‘” 7 2}*2[2'“75‘*?5]

n

2
du T m
—_— == 4+ F= . {2)
[dtJt=r:/4 4 Jz_ )

B S F U T U NN ST RS SP SRS RO

aied merify Ehe resnlt by dveci DFereniacton

>> w=sin N(x-y); x=3L y= 48

{u - {x y)—> t} = u->t . % is the total derivative.

du du dx du dy

H @ty dr
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1 1 . 3
R e U N SR | !
Vl—(x-y)z Vl“(x—y)i( )
3(1-4#)

) V1-(3t—4r )
3
_3(1-42)  h-9Pif-1eff
CN1-9 24 -16f N (1-4R)
Dividing (1-9£+24r'~16°) by (1-8+16*) weget (1~t2).
du 3

TN 2 - ()

Now consider u = sin_l(x-y) = sin'l(Bt—4t3)

Thus

Inorder todifferentiate u w.r.t “ ¢’ directly itis convenient by using the substitution
t = 5ind so that we have,

u=sin"'(3sin0—-4sin%0) = sin"! (sin30) = 30
_ du 48 _,d .1, __3
Thus u =36 and hence dt“sdt_Bdt(sm t)—m
du 3
Thus Pl Py | .-{2)

From (1) and (2) the result is verified.

I,
. iety . . . , .
finid S e Blioenre casee kg by devicitioe

~
5

- c St
1 B 4

42, Let u=f(x, y) =% 4 y2/3~a2/3

_u 29231 _2 13
x—a :—3~1’2/ —§x
_0% _ 2331 _2 .13
”y“ay-'ﬂz - 37
-173 -1/3
Wehave-f=-—--£— 2/3x =z

=T 173 = 17
X uy 2/3y y 3
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u, = %u; = a*loga—-a**¥loga - 1
u, = % = a¥loga-a**¥loga - 1

Wehav&‘_i}l_ Uy _ [axloga-a’”yloga]
dx T Tu,

Yy [ayloga—ap'yloga]
_ _loga[a"—-a”y] _ &Y
logala¥-a**¥] [ ~a"7¥]

Since 4 +a¥ = & 'Y by data, we get

dy __(-a¥) dy _ _ _y-x
E—— . or dx— a

>> Let u=f(x y)=x"y—(x+y)"""

u, = g—:— = (mx" ) - (man) (x+y)" T
u, = g—; = Jcm(ﬂy"_l)--(m+1»1)(:c+},.!)""+”_1

Multiplying these partial derivativesby (x+y) we get
(x+y)u, = mx’”'ly"(x+y)—(m+n)(x+y)m+"

il

and  (x+y)u, Myt (xdy)—(men) (x+y )y

mam L (xvy) - (men) ™y

fe., (x+y)u,

It

and  (x+y)u, xm'(ny"“l)(x+y)-(m+n)x"'y"

m-1_n

XMy [m(x+y)-(m+n)r]

fe., (x+y)u,

" and (x+y)uy xmgf'_l[n(x+y)—(m+n)y]

xm—l n

y {my-nx) (1)

il

ie., (x+y)u,
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(x+y).uy = xm_lf'__l(nx—-my)

s {(x+y)u
x U, (x+y)uy

Using (1) and (2) we get,

dy _ "I (my-nx) 2N (e my)
Y emy) Y oy

Thus gxy = "z which is the desired result.

> Here {u - (x, y) and y > x] = u — x
du _du . oudy
dx  9x dy dx

Consider # = tan™ l(x/y)

w1 1 ¥ 1
W re(ay® Y P2 Y 247

du 1 Va x x

X
Y 1Y Pap P g
Also consider ¥* +y2 = # and differentiating w.r.f x, we get

4y _ dy | _x
2x+2ydx—00rdx- v

Using these results in (1) we have,

.20

{2}

(1
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I ax+aydx (D

Consider > + y3 +3axy = 5¢* and differentiate w.7.f x

3x2+3y2%+3a(x%+y) =0

dy §x2+agl
or = —
dx (y2+ax)

o w e 1w 1Ay
Now when x =y = 4, ax-@u?f,ay-ﬁ-and = 1.

Substituting these values in (1} we get
du 1 1
i + {2—(— 1)=20

Thus when .x =y =4, %=ﬂ

>> Wehave u = €% f(ax—by)
Let r = ax+by, s = ax—by so that u=¢€f(s)
Hence [u—;(r,s)—é(x,y)}ﬁ u-xy

We have chain rules,

du _Odudr  duds O Oudr Ouds

dx dr ox ds ox dy ordy Os dy
. au — Ty . ?E__ r ¥ e -
ie., axﬂfrf(s)ﬂ+8f {(s)a . ay-ef(s)b*-‘v’f (s)(~b)
e, Loal ([ )] G b [0 )]
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Now consider b}?E + aa—u

dx oy
b.ae [f(s)'+f’(s)}+a - be [f(S)—f'(s)]
aberf(s}+aberf'(s)+abe'f(s)—aberf’(s)

=2abe' f(s)=2abu

Thus bﬂg + agﬂ = 2abuy

o oy
Remark : Refering to Problem - 17, it may be observed that the same problem has been
worked out directly.

]

>> Here we need to convert the given function ¥ intoa composite function.
= =X .Y ,_Z
Let u—f(Pfl]’,r)wherep-y,q_z,r_,x

ie., {“_)(pr‘b")""(xfyfz)ln U—oxy z
Ou _dudp dudq Oudr

x poax o oo
e, M _ % 1 3w o aw ( z
y 3

o dp y og or

Similarly by symmetry we can write,
?%=¥%'$% o)
Z%=f%‘¥% )

- o %
Adding (1), (2) and (3) we get x&x+y3y+zaz—0

o u
x dy
>>  (This example is similar to the previous example)

9. Ifu=f(x-y y-z, z2~x) show that

Let u=f(p, q.v) where p = x~y, g=y-z, r=z-x.



u_dudp dudg, W dr
dx dp ox dg dx or dx
o B
ie., x_ap’1+aq 0+ 3-(-1)
W
ax dp or
Similarly we have by symmetry,
ou _du _du
dy 99 I
W u
dz or dq
, o ow  du
Adding (1), (2) and (3} we get, Fihg % ta, 0
[T L
.\ bk
f L " i ot Jo
B> [za(x,y)a(u,v)!mz—;u,v
B _ o ey k_ kY
du ox du  dydu dv ox dv oy ov
ie -a—z—éz—-1+g{- v*-élEJrv?—E
’ du  Ox oy T ax dy
g%,k 0z, 22
" dy T dx dy
) Consi Lk
(i) Consider RH.S = u w3
R A B e S
d ay ox oy
= (II+U)§§ =LHS . RHS=LHS
o con k&
{ii) Consider RHS = 3 + %
Adding (1) and (2) we have,
gz 02 oz
al‘[+avw(u-H:J)ay—L.H.S . RHS = LHS

DIFFERENTIAL CALCULUS - 3

Q)

.- (2)

.. (3)

A1)

(2
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3> {.z—e(x,y.)a(u,v)}:» zZ—=(u v)
%kl % kA gy

% Yo w oy

= (Zx)(e"sinv)+(2y)(e"cosv)

Ty ¥

=2¢" {e“sinv(smv)+e“cosv(cosv)} |

=2¢". e”(sinzv+coszv) = 202

= (h)(e“cosv)+(2y)(—e”sinv)

i@

=2¢ {e“sinv(cosv)—e“cosv(sinv)} =0
Thus as a composite function we have obtained

%y, &

= ;== (1
o =" @

Now  consider z = J|:2+y2 by direct substitution.

z= (e"sinv)2+(e"cosv)2 = ezu(sinzv+coszv) = ¢

Differentiating partially w.r.f u and also wrt v weget

%:28“ andg:—=o )

From (1) and (2) we conclude that the resuls is verified.

b —y P ok ot i
ST s e T b e o i
dy ) ¢F

>> (i) z—;[(x,y)—el(u, v)} = z—atﬁ,v)

dz 9z dx QQE 0z 9z Ix 9z dy
av

i)

W I du dyou d
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ie., % = -g—;-(e"sinv)+-g-zy—(e"cosv) L)
%:%ﬁ-(e“msv)i-%(—e“sinv) D)

Squaring and adding (1), (2) and collecting terms suitably we have,

2 2 2 2
9z Y ), 2 2 | 92 2., 2
[Bu) +(E}v} = e Lax} [sin“v+cos”v] +e F» [cos” v +sin“v]

Az 32 2y

9z 9z 2u, 592 92 oy -
+23x aye sinvcosv 23x Bye cos v sinv
2 2
2 2
9z 9z) _ 2ull92 9z
me (2] 4 (2 - #{(2) -(3)
(i) Consider RHS = e ¥ sinv-a—z— +¢e ¥cos viz-
= du dv
=¢ smv{ax smv+aye”cosv +e Ycosv [ax" cos U Bye sinv
-gisinzv+—sinvcosv+?-z-coszv—-a—zcosvsinv
T oox 3y dx dy

_ 92 2.0 2% _
= aJ‘:(sm D+cos D) = Pl L.HS

Thus RHS = LHS

Aliter : The problem can alsobe done by changing the independent variables x, y to
#, v by-elimination.

x = *siney, y = ¢ cos 0.

Squaring and adding : ey = or log (#+y*) = 2u
Divi-ding,wehav*e % = tanv or v = tan'l(x/y)
We can now write z = f(u, v) where

b= %10g(x2+y2), v = tan" 1 (x/y)

ie., !z—a(u,v)—)(x,y)]:z—rx,y
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But

or

Thus

>

ie.,

and

or

% Gz %k
dx Ju dx v ox
g 1 2x  ésine
= =2 x2+y2_ 2~ € siny
®__ 1 1_ 4 1
x  14(xy)’ ¥ ey Y
y lcosv
= = Cos v
2 A
é (e snv)+§£(e cos v )
o = i P 08
L s;rw--~+c'f:'sv§E
n dv

L.H.S = RH.S

{z3(xy) > (r.0)] = 2 (1, 8)
% & ox dzdy 0z Iz dx oz dy

or oxar "y oxd oy

%=%cose+§y§sin9 (1)
‘%=g_i( rs:n9)+§"y'(rcosﬁ)—r[ aizsm9+%cose]
%%-%sm9+%cosﬂ . (2)

Squaring and adding (1), (2) and collecting suitable terms we have,

2
(az} ":i‘[gi] = [g;} [cos 6 + sin® 6] + [Byj [ sin® B+c0529]

2%’- én:'co.t.v,ﬁslrtﬁ‘ 2—- *—Smecose

ax dy o dy

2 2 N2 2
{%) . % (%J - (%J + [%J ie, RHS= LHS
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>>  (u, 0)=(x y)=(r, 0} = (wv) = (1, 0)
o iy kWi,
dr  ox 0 Byar ox dr ay I
B _wd Wy b ik by
0 ox 0 dy 00 ' 98 Ox 00 dy 99
o w_ o
ie., 3 - 3x cos O + aysme LD
Next, by using the data we have,
g:":"—a? osB+-a—:sm9 .- (2)
du _du du
5 a (—rsmB)-!-ay(rcosB)
Next by using the data we have,
dv —ou . ou
3 = Y (—rsm9)+ax(rcosﬁ),
1du du . du
-3 ae-axsmﬁ-aycosﬁ .. {3)
1dv ou . ou
rae—aysm9+axcosﬂ ... (4)
By comparing that (1) & (4) and (2) & (3), the desired result follows,
e W _1% % _ 1k
3r ro|  r oM
b {z—)( )-—)(uv)::vz—-)(u,v)
9z 0z 0x dzdy dx o0z dx 0zdy
ou Ox Ju Ody du  dv dx dv dy dv
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: 9 _0% o, ¥k, oy
ie., 32 = 2y e+ay( e ") (1)
@_z__g I _a__z_ oV
av—ax( € )+ay( e) - (2)
Consider R.H.Sz-gz-—% and (1)-(2) yields
9z eV _9z et _9z 9z
Bx(e+ ) ay( -e%) 3 x Ew y
9z 49z 9z dz .
Thus a—g;——xé;—— ayre, RHS = LHS
>> u:x"g(y/x, z/x)=x”g(p,q) (1)
where p = y/x and 4 = z/x
du
Now ax~x—[3(p;q)J+nx Ye(p q)
dut nd
ay_x ay[g(pt Q)J
du

5 =" *@*[g(p, 9) ]

We need to apply chain rule for computing the partial derivatives present in the
RHS of the three equations.

_g[g(p,q)] 5‘3‘—;2 5‘35% 5‘&[ ;:LJJrgf(_;%]
[g(pfq)} —gﬁ%+—g§%:§§.%+%§.o
az[g(p,q)] gpgz+g§g—g=%§-0+§§é
Hence’%= [fzg;% ?%Jm:ﬁ"]g(nq)
or g;f= X' 2[y§r‘%+z—g§}+nx””1g(p,q) @



210 DIFFERENTIAL CALCULUS - 3

ou n Q& 1 n—lé&
u _ R .3
3y [ap ] o ©
o ,fdg 1| _ X 198 :
P [aq x}" aq @
du du ou
Now xl ™ +y P +z 3, 25 aconsequence of (2), (3) and (4)
= 9 9 19¢ -190¢
=x{—x" + z +nxtT L, g)y +y - KT +z . "
I T R PRE S
=—x"'1y§§—x" 1,% +nx"g(p,q)+x" Bp 12%3
=n[x"g(p,q)}=nu, by using (1).
ou ou du .
Thus xax+yay+zaz—nu, as required.
I ;_-'-.}'..'_-'i? r’l .
> [uw)(v,w)—a(x,t)}::’ - {x, 1)
Wehave v = x+cf, w = x~ct, by data.
. Ou _Ou v du dw
By chain rule, x  dvax " dw ox
e x w T T T ow 8V
Pu 9 {du a8
Next ?=g[axJ~ax and g — (v, w)
9 _9g v o w
Again by chain rule 9 " v ox aw .
ie Pu_ 3 (8u ou) 140 (9, dun
v a2 S idv  dw dw | dv dw _
. Fu  Pu & u &% u
ie., = + 2 + o AD
3w vdw gy
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. u  du du  Ju

., 3t_a 'C+a '(—C)—C{——‘}ﬁh(say)
Fu_ a3 () on

Next }T"é?('a? En

e, Lu_af T ) o[ [w au
© R e g o
u Czazu 32 L 9u

or —_———

W Cwow T 5y Q)

|..*if_

>> !w“’(ﬂ;v)%(xfy”:b w5 x, y
. u = & siny, v =¢cosy
. dw  dw du  dw R
By chain rule, x want m o
] Q@_?‘_" S @ :
., 3 - 3u (e smy)+av(£.’1cosy)
RO (say )
o ox  ou  Ugy - 8L
Pw 3 (ow o5
Next T:a[a—):a—r and £ u v
Again by chain rule, %=$§£+Qgﬁv_
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ie QZ-—:E:-—a— uég’*+v@ € sin +§_ ui—}iv—+v£’-w— e
"9 oul YT T V4% | ¥ e T |F %Y
(P, Pu) L Pw Fo )
17w ou ou dv dv du ¥ o
& w 23w gw Fw Fuw cw
?ﬁu-g;z—+u5;+2uvauav+vzavz vg oD
dw _dwdu  dw v _ dw ow v
Next ay—auay+avay-—au(t.’.xf:v:ms],w)+av( € siny)
0 @"v@—u-@i—h(sa
Ty TV T M MO
w 3 [dw dh
Againwehave — = — | — |=— ;h 2 u, v
8 P ay[ayJ ¥

oh .
I‘i(é’xcasy)%-av (_“’F’TSII'\}[)

- v vl du Bv)

i ?);2# ou Ju

o Fe [ Pe  Pe ) (P w  Fw)

€ ayz - auz au a’U dv J o au au avz }I

. & w 3% w > w oiw duw ;% w

ie., 33/2 =y 2 quUBH(}U—Ué?—-u?}—I:+u —;}—U-z— o AD

gw W 2 gw o°u
Thus, 8xz+ay2 { +v2}{8u2+8'v2}

>> Inpolarswehave x = rcosf and y = rsind

in order to find the two partial derivatives in the given equation as a composite function
we need to have the composition in the form, ,

fw = (r,8) > (x, )] = u—>xyY

" we have to express 7, 8 interms of ¥ and v by simple familiar elimination.
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e =2 yx=tand or 6 < tan™ ! (y/x)

We do need the partial derivatives of r and 8 wrt x and y while using the chain
rule.

- 2 ‘ o _ o
Hence, 7* = x +y2 gives Zrax = 2x and 2ray = 2y

3?'L£ :_31_2 _(?_?:__ or ,
ax“r"“day“r or e coseayﬁsmﬂ.
98 _ 1 oY Y
9

¥
Al 0=t /.
50 an~ (yx) gives 1+(y/x)2 5 2+y2

1 1

_x
1+(y/3t)2 X2 +yz
98 ~sing 08 cos@

or = - =

JIx rot oy
du ﬁ‘i_‘?l Buaﬁ

&g

Now by chain rule, E}x ar Bx a0 ax
. du  du du [ —~sing
te., ax‘ar"°se+ae( ) g(say) ; g > r 0
Also 821: = *Q- [auJ _‘?&
a2 ax

“ _& _& E}r ?_& _a_e_
Again by chain rule we have, I drox 38 o

. 3 u o | du du sin® d | du o4 sin § ~sin 0
1., T = -(:’-;cosﬁ-—éé— cos 0 +— -—co 6 - —_— —

ox%  ar r 00 M v v
% u sin 8 62 1 du
| u - 8
{arzc 8 9 a0 rzaGSIHB'COS
& u 8__(&‘ 0%?—% cosB__af_xisinE] —sin §
+ 30 or cos 5 51 , 862 Hr J -

P u iz_zi 2g_28n0cos & u ; 25inBcos8 du

a2 " gr S50 r . ar o0 2

- S th)
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du du dr  du 39

Next “a;=—-;—a—y*+aeay , by chain rule.
. du _ du . du cos@ .
ie., ay—arsmf)+ 0 = h(say) ; h > (r, 8)
i&_i(éﬁ]_a_h_
» Oy \dy) 9
oh oh or oh 98
Againby chain rule wehave — = —— — + - =
nEEY 3y or dy 00 Iy
ie ﬂ—i E}'*lisir'dh—-qli cos § siné +—§- ilj[-sin(fl+a—l'l cos® | fcos
! 33{2_ r | or a0 r 00 | or 08 r r
_a_z_y_s,me+62u cos® du cos® sin8
| a2 ardd 7 M| 2
. Pu i6+a—uc B+ﬂ cosBﬂ?_u_sinB cos O
a0ar Tt ° 3% r 0 r r
Pu u 5, 2sinBcosb #u  2sinBeos® du
— = —5sin 0+ - v
& ot r 3 38 2 FT:
cos?@ du  cos’® Fu
— — ... (2)
r  or # 982 .
Adding (1) and (2) we have,
Pu Fu Pu 2 .2 1du, .2
32 + ay2 = arz(ms a9 + sin B)+; a—r(sm B+c0529)
1 &u, . 2
+5 S5 (5irf 6 + cos® B
2 a0t )
Thus 53—2—E+§2+u~=0transfom\sinto
W
Fu 10u 1 Fu
——— 4 = — 4 — ——= = { in the polat form
o T 2 P
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14

11.

12.

13.

If

If

If

If.

2 2
#u 821: 1 du Ju
= t == {1 hidd
u = ¥ show that —. xz Py (BIJ +(8y]
u = {(xcosy+ysiny) show tha %+%=0
_ 1ty du 222_2
= show that — prall o2
' 0z O
~ y = > =
e x -y, prove that y— 3 ay y2

12
U =f(x+iy)+g(x~iy) show that i&f_ + %:? =

- +2 n 2
z2=fy+x)+g(y+2x)+251 Y show that zxx—321y+2zyy._6ex+ y
3z Fz Pz

z =xf1(x+t)+f2(x+t), show that —= - 2

P N Y )

z= y2+gf[ +Iogy] show that ng—; + yE = 2y2

2 -
u = log [%i{ﬁ} verify that izu 32u

=0

u = sinh_l(x/y) verify that My =

yx
3% u
If x=e¢“cosv and y = " sinv prove that o— + &Y _ 0
y P W o
. Fv  Fo
and verify that a5y 6‘y W

If

If

where 1 =

x = rcos8 and y = rsin 0, show that gzr Qz_t =[ 821»- ]
&

.1’2
A= (x—aP+(y-b)> - how that — + — + — = ¢
(x—ayY +(y-b)Y +(z c) show W) +

1
r
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14. If u = /" where +* = v

- -2
show that Mg Uy H i —‘m(m+1)r’"

= 2 owthat | e+ &4 2|1
15. If ©* = x> +y* +2% sh mt(afraf az'-’-]r"o

16. If u = x2+y2+z2 where x= ez', y= ezfcost, z =& sint find
derivative and verify the result by direct substitution.

du

total
7t as a tota

17. If u = sin(x/y) where x = ¢, y = £ find %‘E using the rule of composite
functions.

18. If z = cos ! (x-y) where x = 4, y = 3t prove that % = - = and
-t

also verify the result by direct differentiation.

19. If x3+y3 = 3xy find % using partial derivatives.
20. Find % given the relation x¥ +y* = a

21 If u = xlog(xy) and ¥+’ —3xy = 0 find %

22, If 2 =f(x, y) where x = ¢“cosv, y = ¢“sinv prove that
(x+y) Za(xoy)Z = & N
X o ax Ay

.23 If 2z =f(x, y) where x = i? + 02, y = 2uv show that

az dz oz
“5; - vg = 2(u+v)_(u-v)ax

24. If z = f(x, y) where x = u* 0%, y = 2u v show that

5 5 2 2
%z + o *’4(1{24-[}2) %z + 9z
du v | dx dy
25 If u = f(x/z, y/z), prove that x”x+y“y+z”z’: 0

26 If z=f(x, y) and x = u~v, ¥ = uv, prove that

(1+u)%+(1—v —% = 2(u+v)?—3;
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27. I z isafunction of x, ¥y and u, v are connected by the relations » = 3x + 4y,
v = 3y ~ 4x show that

Pz Fz Pz ¥y
P Al gl
ax? &y’ du dv
28. If z = f(x, y) where x = &% cos v, ¥ = €'sin v prove that

.Q_Z_E_'___%_e_z“ __£+§f_z

ax? dy? aur

29. If u=f(x, y) and x = Xcosa~Ysing, y = Xsinw+ Y cos o prove that
Hoe Pl = Myt ity

30 If y = z”f[i, *Z—J,show that xg% + y-a—u + zﬂi-‘

2 ay a: = MNi
be, £y ' .2
16 8% 17, ﬂ%Qcos, [%J 19, L7X
4 4 yz—x
—y(¥? -1 -
20. —y(x N +y 7 logy) 21. log (exy)+ L(_-’LZ__}!_l
(Y 7+ Nogx) y(x—-y*)

This topic is basically involved with the evaluation of determinants of second orde
and third order whose elements are represented by first order partial derivatives o
two or three given functions / transformations,

The application of Jacobians is significant in the evaluation of double integrals of the
form ”f( X, ¥)dxdy and triple integrals of the forin ”J_f{ Yoy zydxdyds in
transformation from one system {(set} of coordinates (varmables) to the other. The
principle of evaluation is analogous with the evaluation of I_f( V) dx by taking .
suitable substitution.

R PR
Let v and v be functions of two wudependent variaid. | o a0 v The Jacobnp: (
of ioand v orert xand yors sy mbolically repnosents Ut e as o
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o
I(u}or d(u, v) _ dx dy
Xy d(x, y) | F
dx dy
Similarly if u, o, w are functions of three independent variables x, ¥, z then
w
dx dy 9z
I[u,v,w} ra w v, w) _(dw o
X, ¥ 2 9(x, y z) dx dy 02
v
dx dy 0z
o du
ax dy 0z

»>>» Wehavetofind | (v w) d dv

- a(x,y,z)z ox _é; dz
dw dw dw
ox dy oz

Bt H=x+y+2z, V=yY+tz, W=2
111
j=l0 11
0 0 1
On expanding by the last row we get

J=1(1-0)=1 Thus J=1

a / I . . .
>> The definition of ] = E((%—I;—zu% is same as in the previous problem.

But u=r2+yz+zz, =xy+yz+zx, W=X+¥Y+z



PARTIAL DIFFERENTIATION 219

Substituting for the partial derivatives we get

2x 2y 22
]: y+z X4z ¥+xy.
1 1 1

Expanding by the first row,
J=2x{(x+z)=(y+x))-2y {(y+z)—(y+x)} 2z {(y+z)—(x+z)'
= 2:(:-—y)—2y(z—x)+22(y—x)

=2{xz-xy-yz+xy+yz~xz) =0 Thus [ =0

Aliter : (By using properties of determinants)

x Y z
J=2(y+z) (x+2z) {(y+x)
1 1 1
X y z
=2 {(x+y+z) (x+y+z) (x+y+z) -v-R2—+R1+R2
1 1 1
_ X ¥ z
J=2(x+y+z) |1 1 1] =0 .. tworows are identical.
1 11
Su du Bu
ox; Ox, ox,

Xio Xop Xo 5;; dx x4
Sw  ow
ox, ox, Ox

[u,v,wJ do dv  dv
> J|———= Ew

where n = X %y U= Jx2x3, w=vYx,x
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Xy %y 0
2 \lxl x, 2 erl X,
_ 0 *3 2
2 ‘52 x, 2 \’52 X,
REY 0 X
2 \_J'x3 x4 2 \J'x3 x4

X

DHFFERENTIAL CALCULUS - 3

X2 1%3 —ol -
2vx, x, 4a3\fx1x2 2vx,
1
8

[l B v ML U - MR S
8xy Xy X4 8x, X, Xy 8
1 1 1
Aliter: [ = . :
2 \fxl x, 2 VX, Xy 2 Vxy X
B 1
B (% xyX3)

>> x=pcosh, y=p sing, z = z

_9(x Yz}
T a(p bz) |Op 9 0z

J

noa a
op 0o Oz
wow
% % a
dp op 9z

Yo Xy X =)= x (02,2} = g——
2 173 1 273 } 8x1x2x3

Xy XXy

1
a

-psinég 0O
pcosd O

1

On expanding by the lastrow, [ = 1(p cos? p+psin® ) = p

a{x, ¥y, z)
3(r, 8, 6)

ox

a ok
dr 90 do
%y 9% 9y
Jdr 08 Jp
2 0 &z
dr 00 I
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x=rsinfcos¢, ¥ = rsinfsing z = rcosH

sinBcosd rcosBeosd -rsinBsing
] =|sin®sind rcosBsing 7 sin O cos ¢
cos O —rsinB §]

On expanding by the last row we get,
cos O {rzsm 0 cos 8 cos® ¢ +7° sin® €os Bsin?‘q;]
+rsinf {rsin26c032¢+rsin295in2¢}
= rzsinacoszﬁ(cosz¢+sinz¢)+rzsin38(c052¢+sin2¢)
= sin0cos? B - 1+7%sin9 - 1 = rzsinB(c0529+sin28)

Thus ﬂm:rzsinﬂ 3

a(r, 6, ¢)

Aliter : Taking common factors r, 7sin® respectively in the second and third
columns we have

sinBcosd cosBcosd -sing
gﬁ’-g#z—) =r-rsing [sin® sing cos? sin$ cos
(7,6, 9) cos 0 -sin® 0

Expanding by the last row we have
sin 6 { cos 6 ( cos B cos? ¢ +cos 8 sin’ ?)
+ sin B(Sin9c032¢+ sin@ sinzcb )}

= 7 sin {cos?0 (cos?0+ sin®9) + sin6 (cos? ¢ +sin¢) )

=72 sinﬁ[c0526 . 145sin%0 - 1} =7 sinb - 1= r*5in0

o ax o

Ju dv dw

o Amwz) _fw oy oy
d(u, v, w) du  duv ow
o ko

du dv Jw

It is evident that we should have x, Y, z interms of u, v, w.

i

Consider x+y+z = u ... (1), y+z =v ...(2), z=uwrw .., (3)

Using 2)in(l)wehave, x+v =u . x=u-v
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Also by using (3} in (2) we have, y+uvw = v . y = 0 —uvw
Thus the given data is modified into the form,

=uU-U, ¥y = V-HUW, Z = HUW

1 -1 1}

d{x, vy, 2
é-((u_z—"t;%: -vw (l-uw) -uv
r v ww Uy

=1 [(1—»uw)uv-(uw)(—uv)}+1 [(—vw)(uv)—(mv)(—uv)!

= uv-—usz+u2mv—uvzw+uv2w = LD
Thus [ = uv

Aliter: Adding R, to R, we get,

AP
d(u, v'w)
YW uW WD

On expanding by the second row we have
“0+1{(uv-0)-0 = up

du du du -yz oz Y
ox dy Oz P S
d(u, v, w) | v S | | 2 TZX X
d(x,y.z) {dx dy oz Ty 2y
dw dw dw y x -y
ox 0z z oz g2

1}
Hoke
R
H‘Nr“"‘—"_‘\
P e
|
™~
Fad
e
Sl
=
2
‘-—~—-’&’
|
—

. i(:ﬂ _y X z _{_z[—zx”
yy 22 ) z ¥ y ooz 4
-2 {22 -s {3t fie)

=0+1+1+1+1 =14
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d(u, v, w)

Thus A(x, v, z)

Aliter : We shall avoid denominators in every element by removal of

respectively from the first, second and the third row.

d(u, v, w) 1 _32 i: g
I(x. v 2) 12.‘/22 yz  XZ -xy
-1 1 1
_(yz) (xz) (xy) ..-R-—3R. +R
= x2y2z2 1-1 1 2 1 2
1 1 -1|---RyoR,+R,
-11 1|
=1 002l =-1(6G-4)=4
020]

>> u=x+3y2—23,v=4xzyz,w=222—xy

W w
o(u v, w) gz g’oy gj ! 6y -3z
_a(x,y,z) = | ox 5; ol 8xyz 4% 2 4x2y
o dw| |7y x &
dox dy 0z
It will be easier if the elements of the determinant are evaluated at (1,
=B(nr v, W) 1 =60
— at (1, -1, 0}y =40 0 -4
Ix ¥ 2) 1 -1 0

Expanding by the second row weget, —0+0+4(-1+6) = 20

U, v d(u, v)
>> ][x’y] or 3% y)

YEew
g

223

1

L
x2 £ yz F

-1, 0)

1
2
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Consider u = x(1—-1% )_1”2
o
ax

_, ~—1 ~3/2 5 O L 212
—x-—z—w(l—rz) 2r5-+1 - (1 )

x(1-2y 32, Ly py 12

dx
But 7= §2+y2.

Differentiating partially w.r.t x, we get

y%:_ g-—;=§slnmar1y%:-‘f

Now %%:x(l_rz)—sxzr_§+(1_'2)—1x2

ie., g_z=(1—r2)‘3’2{12:(1-r2)]-3utrz~r2=-y2
%%:(1—3)_3/2(1—y2) (1)

Also %‘::r-—%(l—?)‘m-—zr%
%u.:(l—rz)‘?”’zr-%:M(l—rz)‘”2 | | . {2)

Similarly we can obtain for v = y(1- 7 Y 172

%:xy(l-?)“?‘"z )
%=(1—f2)_3/2(1—xz) @

agu,'vlz (1—3)"3/2(11/2) xy(lﬂrz)—szz
a(x, y) xy(l—rz)_yz (1—7'2)'3/2(1—::2)

Now taking (1- % Y 372 as a common factor in each row of the determinant we have,

S-:},,.(.E{\_U._)._(l_rz)—?’/z_(]_r?-)“3/2 (1,-}/2) Xy
d{x, y) xy (1——x2)

(1-72y"2 ‘:(1~-y2)(1—x2)—1'2y2!'
O PRI N IE IS
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=(1-Ay3 [1-(Z+ ) = (1-273(1-2) = (1-2)2
B(u,v)= 1
x y) (1-2)

>> Wehave x = acoshucosv, ¥ = asinhusiny

x a
d(x, )= o dv | |asinhucosw —a cosh u siny
d(u, v) dy Oy | lacoshusinv  asinkucoswv
du dv
ie., =az(sinhzucoszv+cosh2usinzv)

-

= -i—(si.nhzu - 2coszv+cosh2u ZSiI"lz?))

But 1+cos2v = 2 cos? v and 1-cos2v = 2sin’ v
d(x, y) _ a2

__“'_“a(" vy 2 {Sirlhzu(1+(:0520)+cosh2u(1_c0520)}
2

=

{I(cosh2u+sinhzu)—cost(coshzu—sinhzu)}

rf

But cosh? u — sinkh? u = 1 and coshu+ sinf u = cosh 2 u.

Thus 9(x y) = é(coshZu——cost)

" d(w,v) 2
W
Lo 0w, v) | ox 3y
>>  We have to find 3% y) " W %
dx dy

Using the given data we have to solve for ¥ and v interms of x and y.
By data u+v =e cosy

u-v =¢siny

225
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(1)+(2) gives: 2u = € (cosy+siny)
(1)-(2) gives: 20 = ¢ (cosy—siny)

ex

ie., E(cosersiny);v=f§(cosy—siny)

=

ou _ € : v £ .
x=‘2“(cosy+smy),5;='-—2"(cosy“bmy)

W E W€ sy
2( siny +cos i), 2 siny -cosy

¢ . &
2(u, v) E(COSS‘*Sl“B’) E‘(‘Smy+cosy)
Now 2 (x

& . &
E(cosywsmy) —E(smy+c05y)

=-6—;—-%1—{_~(cosy+siny)2—(cosy-siny)2}
~e¥ ‘ _ . o2
=4 1(1+sm2y)+(1—sm2y)]==—7
d(u, v) __—e?"
Thus 2(x, y)- 2
1 u=xy2,0=yzz,w=zx2
2. ¥ = XCOS|fCOSZ, ¥ = XCOSYysinz, w = xsiny

N .3

2x 7 2x

=9
)
i

rcosBcosd, y = rcosfsing, z = rsin®

x zZ
5. u:—“—,vu——l— w =

6. I uw=2xyz v =2xy+yz+zx, w=Xx+ty+z

a L] r
show that —8(—(111—?;—%)‘)1 =(x-y){y—-z)(z-Xx)
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7.

10.

1
4.

If u = . where
\h— \/1- \/1 r
\‘x2+_/2+z prove that }[u % w] = - !
_2\572
2 (1-+%)

Show that for the functions x = 1% - 27, y=v'wu? z = w2
] {_{*_Li] -0

H, U, w
Given that ux, = 2).2 Xy, VX, = 2, X, wx, = 2x 1 %o show that

K 3
d(u, v, w)

= 96
(X, %5, Xy)

If x+y+z = u, y+z = WT, Z = uovw thenshow that i(_.’f'_.'ii)_ -

d{u, v, w)

9x2y22:2 2, —x?'cosy 3. —yw2x
7 cos 8 5 0

0
dx dy

terms.
Let a+h=x,b+k=y r'e.,h=x-a,k=y—b

If x1s close enough toa and y to b, h, k will be very small and R,—0 asn-— e

227

n
We denote R, = i' (h — 4+ k —Q—) fla+8h b+68k) being the remainder after n
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As n— o the number of terms increase indefinitely and we have an infinite series
expansionof f(x, y) inpowersof (x—a), (y—b) referred toas the
Taylor's series of f(x, y) about (a4, b) whichisas follows.

fxy) = f(a by + g (=) f, (0 b)+ (=), (a, b))

+ %{(I—a)zf:tx(a' b)+2(x—a)(y—b)fxy(a, b)
+(y—b)2fw(a,b)}+~- )

In particular if (a4, ) = (0, 0), the series is called as Taylor's series about the
origin or Maclaurin’s series for f(x, y) givenby

1
flx y) = £0, 0)+ 5 5£,(0, 0)+yf, (0, 03}

17 5
+~2—!{1--;n(0,0)+2xyfxy(0,0)+y2fyy(o,0)}+... )
The remainder after n terms in this case will be
R . x—Q~+y—a—\nf(9x Oy) and R >0 as n-—e
noonl " adx dy ! n

Further if the Taylor’s series of f(x, y) is approximated to some terms upto a
particular degree the resulting expression of f(x, ¥) is called as the Taylor’s
polynomial.
AT ST BN
oofa s pavonml 0 _
>> The expansionof f{x, y)about(1, n/4)is givenby
flx, vy =f(1, m/4)+](x-1)f (1, nA)+(y -4 f (1, n/4)
L

b L= 1R £, (1, ma) 2= 1) (=) f,, (1, 1/4)

+ (y-nayf, (1, ZS I
The given function and its partial derivatives eval‘uated at(1l, n/4)is as follows.
f(x, y)=esiny »e/N2 )
f, = €siny > e/N2

fy‘ = e"cosy—-)e/\/i‘
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e siny — e/N2

fXI
fxy
fyy = ~¢'siny = —e/N2

e‘rcosy—)e/\&_

Substituting these values in the expansion of f ( x, y) we have,

4

Jshy==¢E[1+{(x—])+(y—mﬂ)]

+§?{(x-1f+2(x—l)(y~n/4)—{y—¢v4f}]+-~

>> Tﬁe‘fﬁoin.t(a , b) s0 as to obtain the expansion in powers of (x - 1)and y +3 is
obviously (1, —3). The associated expansion of f{ x, y ) about (1, —3)is given by

flx gy =f(1, =3 +{(x-Df (1. =3)+(y+3)f, (1, -3)
1
+ E?{(xﬂl)?ﬁx(l,—3)+2(x—1)(y+3)£y(1,—3)

Hy 3, (1, =3) 4 -
The given function and its partial derivatives evaluated at ( 1, —3) is as follows.

f(x, y) = xy2+xzy-)6

fi =¥y >3
fy =23:54r+,1:2 — =5
foo = -6
fxy =2y+2xr —-4
fyy = 2x —2

Substituting these values in the expansion of f(x, y ) we have,

1

57 1-6(x=-1)

xy2+x2y = 6+‘3(x—1)"5(9'+3)] +

~ 8(x-1)(y+3)+2(y+3)%} -
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Taylor’s expansion of f (¥, y ) about (0, 0)is given by
f(x,y)=f(0, 0)+{xfx(0, 0) + yf, (0, 0)}

1 1
+ 57 {xzfxx(o’ 0)+2xyf, (0. 0)+37f, (0, 0)}+---
The given function and its partial derivatives evaluated at (0, 0} is as follows.

flx,y) =¢log(l+y) -0
f, =¢log(l+y) =0

1
= 1
fb‘ Px1+y -
foo =€ log(l+y) -0
1
fry '1+y =1
f = ¢ -1 - -1
Wy (1+y)

Substituting these values in the expansion of f( x, y) we have,

flog(l+y) = y+—;—! (2xy—-1* )+ - -

First, we briefly recapitulate the concept of maxima and minima for a function of one
.variable.

A function f(x) issaid to have a maximum value ata point x = a if there exists
aneighbourhood of the point ‘a’say (a+h), hissmall, suchthat f(a)>f(a+h) .
Similarly if f(a)<f(a+h) then f(x) is'said to have a minimum value at
x =a . f(a) issaid tobe anextreme valueof f{x) ifitiseither amaximumora
minimum.

A necessary condition for f(a) to be an extreme value of f(x) 1is that
f'(a)y=0 Also f{a) is a maximum vajue of f(x) if f'(a)=0 and
f (ay<0 & f(a) isaminimumvalueof f(x) if f'(a) =0 and f"(a)>0.

We discuss these concepts concerning a function of two variables.

Definition : A function f(x, y) is said to have a maximum value at a point
(a, b} if there exists a neighbourhood of the point (a4, b) say {(a+h, b+k), hand
k are small such that f(a, b)Y>f(a+h b+k)
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Similarly if f(a, b) < f(a+h, b+k) then f(x, y) is said to have a minimum
valueat (a, b). Also f(a, &) issaid to be an extreme value of flx y) ifitisa
maximum value or a minimum value.

Necessary conditions : If f(a, b') is an extreme value of f(x, y) thenithasto
be an extreme value of the function of a single variable f(x, b) and also of a function
of a single variable f(a, y). Hence the first derivatives of these two functions of a

single variable must be zero as per the necessary condition of a function of a single
variable.

_ d d _ -
1., a;{f(x,b)l=0 at ¥ =aand @[f(a,y)I—Oaty—b

In other words, these are the partial derivatives of flx, y) wrtxand wrt y at
(4 b)

it., f.(a b) =0 and fy(a,b):ﬂ-
These are the necessary conditions.
Suffecient conditions : Let fe(a, b) =0 and fy(a, ) =0
Let us consider Taylor’s theorem for f(x, y) inthe form,
fla+h b+k) = f(a, b)+{hfx(a,b)+kfy(a, b)}
+ %{hzfn(a, b)+2KKS, (a, b)+Rf, (a b)}

by neglecting other higher order terms for suffeciently small h and k.
Using f (a, b) =0, fy(ﬂ, b} = 0 and by denoting
A :fn(a, b)Y, B=f (a b), C :f'l}’(a’ b) we have,

Xy

fla+h, b+k) - f(a, b) %(Ah2+25hk+Ck2)

= %(A2}12+2A3hk+ACk2)

-iAlf[(Ah+Bk)2+(AC—Bz)k2]

=g

ie., f{a+h,b+k)-—f(a,b)=-2—;l;(say) ‘ ()

where A = (Ah+Bk)?+(AC-B*)i?
Clearly A > 0 if AC - B2 >0 and A<O if AC-B <y,
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Further f(a+h b+k) —f(a, b}>0 if AC- B >0, A>0
and  f(a+h, b+k) - f(a, b) <0 if AC-B >0, A<0

=  f(a+h, b+k) > f(a b) if AC~-B*>0 and A >0 and
fla+h b+k) < f(a b) if AC-B >0 and A<O

or  f(a b) > f(a+h b+k) if AC-B*>0, A<0 and

fla, b) < f(a+h b+k) if AC-B >0, A>0
Taking a note of the definition for maxima-minima we conclude that,
f(a, b) isamaximumvalueif AC - B>0 and A <0
Conclusion : Thus the necessary and the suffecient conditions for f(x, y) to have a
maximum value at (a, b) is f,(a,b)=0 f (a b)=0 and AC- B% > 0,
A <0 Also for a minimum value, f (a, b} = 0, fy(a, by=0 and
AC-B*>0,A>0

Note : If AC-B*> <0, f(a, b) is not an extreme value. f(x, y) is neither a
maximum nor a minimum at the point (a, b) and the point is called a saddle point.

If AC-B? =0 thenwehave, f(adh, b+k)~f(a, b) = (Ah+Bk)/2ZA

R.H.S is positive or negative accordingas A>0 or A <0. However if Ah+Bk =10,
then h/k = —B/A and the case is doubtful. Further discussion is needed based on various
geometrical factors.

2 We have to first find the stationary points (x, y) such that f =0 and
fy =0

"2 We then find the second order partial derivatives _
A=f_,B= fxy , C= fyy' We evaluate these at all the stationary points and also

compute the corresponding value of AC - B

2 (a) A stationary point (X, V¥,) isamaxdimum point if
AC-B*>0 & A<0. f(xy Yp) is a maximum value
(b) A stationary point (x,, y;) isaminimum point if
AC—B2 >0 & A>0. f{xl, yl) is a minimum value.

Note : We can overlook the cases of AC-B2 <0, AC-B*=0, A=0
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> fluyy =24 3125420

f=32-3, f,=3"-12
We shall find points (x, ¥v) such that f, =0 and fy =0
e, 3" -320 and 32-12 = 0 or x?_1 =0 and y?-4 =9

fe,x =41, y=+2 - (1.2), (L -2), (-1, 2), (-1, —2) are the stationary
points.letA:fn,B=f C=¢f )

xy vy
(1,2) (1,-2) (-1,2) (~1,-2)
A=6x 6>0 6 -6 ~6<0
B=0 0 0 0 0
C=tby 12 ~12 12 ~12
AC-B 7250 ~72<0 -72<0 72>0
Conclusion Min. pt. Saddle pt. Saddle pt. Max. pt.

Maximum value of f(x, y) is
f(-1,-2)=~1-84+34244720 = 38
Minimum value of flx y)is f(1,2) = 1+48-3-24+20=12

> T f =323 —6x fy = by~ 6y
We shall find points (x, y) such that f, =0 and fy=0

) 3\
ie., 3x2+3y2—61=0 or x_2+_y2—2r=0 3 (_‘; < ()
bxy—6y = 0 or y(x-1)=0 g\ - - ... {2)
. A D )
= y=0,.t=lfmm(2). S

me(l)lf y=0 ﬂ'len x=0,2 a.l'ld]'.f x:]’ 'y:fl' a\\/\
the stationary pointsare (0, 0), (2, 0), (1, 1), (1, ~1)
let A=f.. B=fy C=fy
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A=6x—06
B =6y
C=6x-6
AC - B*

Conclusion

(0,0
-6<0
0
-6
3%6>0
Max. pt.

(2,0}
6>0
0
6

36>0
Min. pt.

DIFFERENTIAL CALCULUS - 3

(1.1
0
6
0

-36<0
Saddle pt.

(1,-1)

0

-6

0
-36<0
Saddle pt.

Maximum value of f(x, y) is f(0, 0) =4 and minimum valueof f{x, y)
is f(2,0)=90

s> Let f( y)=x+3x7 152157 +72x G
_ _ L
fo=a 432300472, f, = 6xy—30y P
* L ot o @
- = —_ - e Jrl -
We shall find points (x, y) suchthat f, =0 and fy =0 s 7 C:’?:
e, 37+37-30x+72 =0 or X +y’-10r+24 =0 SISO ¢y
6xy - 30y = O or y(z=5)=0 wTN L e .
A
(2)givesus y =0 and x =5 S
Putting y = 0 in(l)weget x*—10x+24 =0
or (x-4) (x—6) =0 ie, x=46
(4, 0), (6, 0) are stationary points.
Putting x = 5 in(1) we get y2—1 =0 or y=1%1
{5, 1) (5 -1) arealsostationary points.
Let us examnine these points for maxima and minima
Lt A=f,  B=f,  C=f,
4.0 {6, 0} (5. 1) (5,-1)
A=6x-30 -6<0 6>0 0 0
B=ty 0 0 6 -6
C=6x-30 - -6 6 0 0
AC-B* 36> 0 36 >0 _36<0 , .-36<0
Conclusion Max. pt. Min. pt. Saddle pt. ‘Saddle pt.
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Maximum value of f(x, y) is f(4,0) = 64 240+ 288 = 112
Minimum value of f(x, ¥) is f(6,0) = 216-540+432 = 108

>>  Let f(x,y)=axy~—x2y~—xy2
We shall find points ( x, Y)suchthat f = 0 and fy =0

ie., y.(a-‘—z%'—y)ﬁ(}andx(’aw'zéwzy) = (-

Points (x, y) are obtaired fron: tjne following set of equations.

(i) ¥y =0 xh;-g{)/_::» (x,y)=(0,0)

(ii) y=0, a-x-2y =0 - (x,y)={(a, 0)

(i)  a-2i-y =0 x=0 = (x,y)=(0, )

(iv) a-2x-y =10, a-x-2y =0 = (x, y) =(a’3, a’3) onsolving.
We shall examine these points for maximaand minima.

Let  A=f , B=fxy, C:fw

(0, 0) (a, 0) (0, a) (a/3, a/3)
A=-2y 0 0 - 24 ~2a/3
B=a-2x-2y q —-a ~-a ~a/3
C=-2x 0 -2 0 -2a/3
AC - B? -~ <0 ~a® < ~at <0 /3 > 0
Conclusion Saddle pt. Saddle pt. saddle pt. Dependents on 4

We nate that AC-B® > 0 and 4 = —2a/3 is positive or negative according as a is
negative or positive.

Hence (a/3, 4/3) is a minimum point if a < and the same is a maximum point if
a>0

Now f(a/3, a/3) = d/27 will be the extreme value of f(x, i) being minimum
when g < § and maximum whena > 0.

>> Let f(x,y) = x3+y3~63x—63y+12xy
f, = 3x2—63+12y,_fy = 32— 63+ 12x
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We shall find points (x, ¥) suchthat f =0 and fy =0 O
ie, 3#-63+12y =0 or X -21+4y =0

32 -63+12x = 0 or f—21+4x =0

On subtracting we have, ~—— =
(R-P)+a{y-x) =0 or (x-y)(x+y-4)=0
x =y or f:y=4 P | - -

Putting):-yinxz—ﬂ +4y = O we have,

P+ay-21 =0 or (y+7)(y-3)=0 or y=-7,3 " ;
Since x =y, (-7, -7) and (3, 3) are stationary points.

Also x+y - ' givesx =4-y and ¥*-21+4y = 0 becomes,.“\
(4—yY-21+4y =0 or ¥ ~4y-5=0 or (y-5)(y+1)=0 or y=5,-1.
Since x=4-y(~1,5) and (5, -1) are also stationary points.

Let us examine these four points for maxima and minima.

(_74 _7) (3r3) (_'11 5) (53_1)
A=6x —-42 <0 18>0 -6 30
B =12 12 12 12 12
C =6y —42 18 30 -6
AC-B 1620>0 1800 -324<0 —-324 <0
Cenclusion Max.pt. Min.pt. Saddlept. =~~~ Saddlept.
Maximum value of f(x, y) = f(~7, =7) = 784 |
Minimum value of f(x, y) = f(3, 3) = - 216

> fx=4x3-4(x-_y) ; fy=4y3+4(x—y)
We have to solve

X

=0, fy = 0 simultaneocusly.
P—(x-y)=0 ' )
P+(x-y) =0 @)



PARTIAL DIFFERENTIATION ' 237

From(l) x-y = %3 and we shall use this in (2)

zj+1/3—0 or {x+y (,\2 xy+y2)—0
= =—-x ; .12—1;7 0

Using y --"—xi.n(l) we get, x3-2x=0 or x(x2—2):0 |

x =0, x=$v2. y=-x ::’y:-O,—-\fZ‘,Jf'.
Henceaﬁs-;;-c:fnstationarypoin‘t;_a_re (0, 0), (;r2—,-\f2_}, (-2, \E)
Also xz—xy+y2=0ie.,x(x+y)+y2:{} andfrom(l)xas(xhy)

o wehave x*+ ¥ = 0 which clearly shows that we do not have any real values
satisfying the identity.

We shall now examine the stationary points for maxima - minima.
Let A=f ,B= fxy

(0,0) (¥2,-2) (—VZ,¥7)
A=12" -4 -4 20> 0 200
B=4 4 4 4
C=12y/ -4 -4 20 20
AC-g? 0 384> 0 384>0
Conclusion - Min. pt. Min. pt.

Thus minimum value = f(V2, \f2) or f( V2, V2) = -8

> gy = PReAR oy

We shall find points (x, ) suchthat f =0 and f,=0
fo=32y 432327, fy=22y-2ty 332

Consider f, =0 and £, =0

e, Fy*(3-4x-3y)=0 and Py(2-20-3y) =0

= x =0, y—-O 4x,+33,3and *x=0y= 021+3y—2
Let us form the pair of equations

x=0};=o }y=a }4”3,,:3} 4x+3y=3} 41’_+3y=3}

V=0| 2x+3y=21 2¢+3y=2( x=0 y=90 21-+3y=2
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The stationary points are (0, 0) (0, 273}, (1,0 (0,1) {(3/4, 0) and

(172, 1/3)

Also A =1, =6xf-127 " -6xy’ = 6x/° (1-2x-y)
B =fxy = 61(2_1,,r—8x3'y—‘)xzy2 = x>y (6-8x—-9y)
C=f,= 232t -6ty =20 (1-x-3y)

It is evident that either A = 0 or C = 0 orboth A and C are zero in respect of all
the stationary points except (172, 1/3)

When A=0 or C=0, ZC» B2 <« 0 and we shall examine the nature of the
point (1/2, 1/3). At this point we get
A=-1/9 B=-1/12 =-1/8

AC—-B2 = 1/72-1/144 = 1/144 > 0.But A = -1/9 < 0

Hence (1/2, 1/3) is a maximum point.
Thus maximum valueof f(x, y) = f(1/2, 1/73) = 1/432

-

>> z(x, y) = x +y° —3xy+1 -
2, = 32-3y ; 7, = 3y - o A f
- _ e
Let A=z, B=zry, L:zyy . A=¢6x, B=-3 C=¢8y
Now, at (1, 1}z =0 and zy=0
Also A=6, B=-3, C=6. . AC-B=27>0

Now at(l,l),zx='0 and zy=0. AC*BZ>U, A=62>10

z(x, y) at (1, 1) satisty the necessary and suffecient conditions for minima.

Thus z(x y) isminimumat (1, 1)

>> f(x, y)= 1_+-s_in(x2+y2}
fx=2xcos(x2+y2), fy=2ycos(xz+y2)‘
We shall find points such that f =0, fy =0

ie., zxcos(x2+y2):0 and 2ycos(12+y2}=0
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x=0, ¥y=0 and (0 0) isthe stationary point.
A=f. = ‘4125in(x2+}/2)+2c05(x2+y2)

B-fxy:—4xysin(1'2+y2}
=fyy=—4y25in(x2+y2)+2cos(x2+y2)
At (,0): A=2,B=0,C=2 - AC- B2 =450

Since AC - BZ > @ F A=2>0, (0,0) isaminimumpointandthe
minimum value of f(x, ¥)=£(0,0)=1

>> f(x,y)=sinx+3siny+sin(x+y)
fo= CosX +cos(x+y) ; fy = co§y+c€os(x+y)

Let us consider fo=0 and fy =0

ie., cosx+cos(x+y) =0 and Cosy+cos{x+y) =
or Costx+y) = -cosx and cos(x+y) = —cosy
Thus “CO0SX = ~cos y = x=y'_

Puting y = x in cosx+cos{x+y) =0 weget cosx+cos2x = 0

te, cosx+2cos’x—1=9¢

te., 2cos’x+2cos x~cos x—1 = @ At
2cosx(cosx+1)—1(cosx+1)=U ;“

" (2cosx-1) (cosx+1) = 0
= cosx =1/2 , cosx =-1 .- x=nr/3 and x = 1.

This (n/3, n/3) and (m, n.‘)-—arethestationax:y[_points.
Let  Asf_, B=f, . C=f,
ie., A —sinx~sin{x+y), B = -sin{x+y), C=—siny-—sin(x+y)
At (n/3, n/3) : A=-sin(n/3)-sm(znxa)z—(xfa_/z)—(\/i/z)
A=-V3, B=-(V8R2),C=_\3
AC - B*=3-(3/4)=9/4 > 0 A=-3 <y

Hence f(x, ¥) is maximum at (n/3, n/3) and the maximum value is
Sin(R/3) +sin(n/3) +sin(2/3) = V3/2+V3/2 +v3 /2

H]

it
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Thus maximum value = 3V3/2

At(m, mn): A=0,B=0 C =0 andhence the case needs further investigation.

1 x3+jxy2-3zz—3y2+4 2. 2y (12-3x-4y)

3. 2P (12-x-y) 4 Py(x+2y—-4)

5. ©+y -3axy, a >0

1. Min. value = 0at(2, 0) and max-value = 4at(0, 0)

2. max-value = 8at(2, 1) 3. Max. value = 6922 at (6, 4)
4 Min value = —2at(2, 172) 5. Min. value = —4° at(a, a)

Many practical situations like computation involving various numerical quantities,
taking measurements or readings, changing the scale etc. are susceptible to errors of
various kinds based on various factors. Obviously it is going to have an impact on the
final result which sometimes may be negligible or significant too. Further many
numerical calculations will force us to approximate and in such cases any computed
result will contain errors.

This topic gives an insight to such situations only, though the topic can be discussed
still widely concerning the types of errors, error minimization etc.

We know that if y is dependenton x,thatis if y = f(x) then



PARTIAL DIFFERENTIATION 24

This is equivalent to saying that the quantities % and %Z are equal if dx is small

enough.
oy = % dx
or Oy = f'(x)8x . 1

The value 8y is called the error in y due to an error Sx in x.
Further in the computation of a numerical quantity, if x, is taken as-af approximate
value of x, thatis when x is approximated to X, N '

then 8x = | x-ux, | iscalled as the absolute error in x.

(8x/x) is called as the relative error in x .

(8x/x) x 100 is called as the percentage error in x.

Alsoif z = f(x, y) then we have,
dz dz
8z = ™ 3x + “é'y— Sy

The associated relative and percentage errors are respectively (8z/z) and
(5z/z) x 100.

[T PR A

o We l;r;:fer to take Iog_arithms first for the given expression and then take the-
differential as it would always give terms of the form ( 8x/x ).

2 Wecanas well multiply with 100 if the given data involves percentage errors.
9 The following formulae will be useful.
Aea Medocoe Nurtaes g
1. Circle [x2+y2=r2}.., Area = 1 /?
2. Ellipse [.1’2/az+1,/2,/b2 =1]... Area=mnab
Name of Volui:ne Lateral or Curved Surface Total Surface Area
the Solid Area
. Cupe 2 42 642
4 twoa 2(1+b)h 2(1b+bh+ 1)
> yunaer nrh 2nrh 2nr(r+h)
“ Lone 173-nPh | mwrl nri{r+1)
2. dphere

4/3.nr° - 4 r?
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where in the case of cone ! is the slant height connected by the relation P=r+h
Note : The following results similar to that of differentials will also be useful.
(i) 8(cu) =cdu (i) S(utv)=>0dutd

2

(iii) S(uv) = udv+vdu (iv) 5(%J=06u—uﬁv
[

>>  PV? = K bydata. Also %,f—) = 005 and % = 0.025

= log P+2logV = log K
=. S(logP)+25(log V) = 5(logK)

. 1 1 1

ie., FBP+2- VaV"ESK

| 8K 8K _

ie., 0.05+2(0.025) = X X =01
5K

< X 100 = (0.1) x 100 = 10

Thus the error in K is 10%.

>> (i) T =2n /g, g = constant, %1 x 100 = 3

= ldgT:log2n+%(logl-—logg)

= 8(10gT)=6(10g2n)+%—8(10gl)-—%5(logg)

1 8
ie., —'1:=O+ET_O
8T 1( 81 1
or —,1:—><100=-2- TxlOO]——2-(3)=15
Thus theerrorin T = 15%.
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{i) If ¢ is nota constant we have,

8T _1fa 1( 8¢
T x100-2[1 xl{){)J~2[8 xlOOJ

The errorin 7 will be maximum if the error in / is positive and the error in gis
negative (or vice-versa) as the difference in errors converts into a sum.

o6T 1 1
max(—i:- X IOOJ =E(+1)_E(_3) =2

Thus the maximum errorin 7T is 2%.

>> Consider ¢ = ktan 6. k is taken as a constant.
= logc = logk+log(tan6)
= 3(logc) = 8(logk)+Slog(tand)

e, Lo 0+298 5

< tang
ie E—COSB- 1 6901'@———-89—-
! € sin8 o5l ¢ sinBcosH
. oc 2
ie, = s 20 30

Therelative errorin ¢ being 8¢/c is minimum when the denominator of the RH.S is
maximum and the maximum value of a sine functionis 1.

sin20 =1 = 20 = 90° or 8 = 45"

Thus the relative errorin ¢ is minimum when 6 = 45°

8¢ IfT-= % mt# is the kinetic energy, find approximately the changein T as m
changes from 49 to 49.5 and v changes from 1600 to 1590.

>> Wehavebydata T = % mo” and

m=49 m+dm =495 . 8m = 05
v =1600, v+8v = 1590 .. & =-10
We have to find 8T. (logarithm is not required)
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1
5T Ea(mv?)

%'m(2v§v)+8m-vz}

it

e, = %{(49) (2) (1600) (~10)+(0.5) (1600)2| = -1,44,000

Thus the change in T = 8T = —1,44,000

>> pv“ = constant = ¢ ( say), by data.

= logp+1l4logv = loge

= S(logp)+148(logv) =3 (logc)

ie., %v- 14[8vj=0;8ut %’-xlﬂ(]:—%, by data.

%‘?X 100+14(@' X 100] =0 or %‘:—,x 100 = + 0.7

Thus the percentage increase in pressure = 0.7

>> Let x be the deflection and we have by data
= k wl k bei
Xo 71—4- = X = —d—I, eing aconstant.
logx = logk+logw+3logl-4logd
= 3(logx) = 8 (logk)+8(logw)+35(logl)—43 (logd)

= gx“—0+-—~6w+3[ ] [ ]
x w

8l

i

= §z£~><10(} %xlO{HC’,( xlOO]—4[§£x100)

x d
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But %XIO{}:S,%{x100=4,%4x100=3,bydata.

%{ x 100 =5+3(4)-4(3)=5

Thus the percentage increase in the deflection = 5

>> By data, % =

- 26(})=6(%)—8(;1;)

-}-andﬁu:ﬁv=e
N

| s

, 1 1 1
ie., 2(—f—2 5f]=—;§50+?5u

5f=£[;13 5o —-;1351::!
)y
i

Thus the relative errorin f = ¢ (% + % ]

=
b1

ie.,

et = =

>> !}=%+$;p=q=20;ﬁp=ﬁq=0.5
1Y _ (1 1

z a(f)'a(:’)”[q]

, 1 1 1

fe., —}-5 5f=-—*p35p—;2-5q

245
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1 1 2 N
B N
Pq P g
1 1 1 -
Also ? = 564-50- =01 or f = 10 .I,-
2(10)%
5 = =Y (05) =025
)f 20) {0.5)

Thus the maximum error in f = 0.25

>> If I and b denotes the length and the breadth of a rectangle then the area (A)
is given by

A=Ib ; Alsobydata %x 100 =1 = %li x, 100

We have log A = logl+logh
= S(logA) = 8(logl)+8(logh)

) 8A & &b 8A &l &b
ie., T_T_+'b—orTX1OO_IXIOO+bXIOO
8A

7X100=1+1=2

Thus the error in the area is 2%

>>  For the ellipse ;tz/azﬂ,(z/b2 =1 the area (A) is given by nab where 2a
and 2b are the lengths of the major and minor axis.

Let 22 = x and 2b = y.
By data %xlo{)xl,%xlo{):l.

= . X XX
A=mab=n 7 2=3%W

log A = log (1/4) +logx +logy
= S(logA) = dlog(n/4)+8(logx)+58(logy)
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e, 4 0+—+§-‘i X 100_§’5x 100+—-‘i>< 100
A A
5A :
TX100=1+1=2

Thus error in the area = 2%

>>  Weknow the volume V of a right circular cone is given by
V= %nrzh. By data —‘13 x 100 = 2, % x 100 = 1

= logV = log(n/3)+210gr+logh
= 5(logV):8log(n/3)+25(logr)+6(logh)

e, g=2§1+&0r-6—zx100—2§1x100+—h—x100
v r h h

%’x 100 = 2(1)+2 = 4

Thus the error in the volume = 4%

>> The volume of the sphere is givenby V = gn r

= flogV=log(47|:/3)+3logr;%XIOO=1—25 by data.

= 8(logV)=0+36(logr)

. 14 Sr 1% or
ic., ?—3 nor “V—XIOU-3-TX 100

5—‘/,"5 x 100 =3(1.25) = 3.75

Thus the error in the volume = 3.759%

The surface area of the sphere (5) = 4n/?
= logS=Iog(41t)+210gr

= 8(log5)=25(logr)
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ie., -E£=2-§10r§§x100=2gx100
5 r S r
a5

T % 100 = 2(125) = 25

Thus the error in the surface area = 2.5%

]

5> The volume (V) of a right circular cyhnder is givenby V = Zh If D isthe
diameter then r = D72

D? . T 2
V=m 4 ke, V—4Dh
By data, D = 45, 8D = 01, h = 825, §h = 0.1
Now av:%a(plh)
. T
ie., BV:4(D2-8h+2D6D-h)

= %((4'5)2(0-1)*'2(4—5)(0.1)(825)]; = 742

Thus the error in the volume = 7.42cm°

‘Also the lateral surface area (S) of the cylinder is given by $ = 2nrh where
r = D72

ie., S =nDh
8§ = n(DBh+hdD)
= n(4,5 x 0.1+8.25 x 0.1)
ie., §S = (0.1)m(1275) = 4.0055 = 4

Thus the error in the gurface area= dem?
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>> Volume of the sphere (V) = % nr

Vv = 4?“5(1’3 = %E (374 58r) = 4nr2§r

The relative error in the volume :

2
&z_‘!j&{_ﬁ%:g,ﬁi_ But r = 10, &7 = 0.02.
Vo 43 . nr '
3V 3(0.02)
v =g = 0006

Thus the relative error in the volume = 0.006 cm>

>> Bydata r = 6, h =18, 6r = &h = 0.15

Wehave V = ntrih, being the volume of the right circular cylinder.

= logV = logn+2logr+logh
= S(logV) = 8(logm) +28(logr)+B8(logh)

i., 6—V=0+2§£+§ﬁ:6r g+~1 o Or = &h
) v r h F h
1 2 1 7
7=0.15|Vg+i"8‘J—(}.15{-15]—0‘0583
= %XIO{JZS.SB

Thus the percentage error in the volume = 5.83

We have S = 2nr h, being the surface area of the cylinder.
= log§ = log(2n)+logr+logh

= d(logS) = 0+8(logr)+8(logh)

249
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1 1
J = 015("6—+1—8J = (0333

S &  8h [1

+
=

s
‘%5 x 100 = 3.33

Thus the percentage error in the surface area = 3.33

>> Let I, b, h respectively be the length, breadth and height of the pile of bricks so
that the volume (V') of the pile is

V = lbh

= log V = log!+logb+logh

= d(logV) =58(logl)+8(logh)+d(logh)
v b8l 8 B

ie., v = I+b+h o . {1)
Since the tape is stretched by 1%, the errorin I, b, h is1% > |
>
81 ob 8h !
! —_— = = - = " '||l\
fe., ] x 100 b x 100 P x 100 =1 -
]
 _% 8r_ 1 > 5
o T =% %% T00 0O AN
Vv
(1) becomes, v 0.01 +0.01 + 0.01 = 0.03 . (2)

But we havebydata [ =2, 5 =15 h =12
V =lbh =2 x 15 x 1.2 = 36 cubic metres.

Hence (2) gives, 8V = 0.03 x V = 0.03 x 36 = 1,08 cubic metres
. associated number of bricks in 8V = 450 x 1.08 = 486

But the cost of bricks = Rs, 1100 per thousand = Rs.1.10 per brick.
the approximate error in the cost = 486 x 1_.10 = Rs.534.6
Thus the approximate error in the cost is Rs.534.60
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>> Ifthetriangle ABC isinscribedinacircleof radius r andif a, b, ¢ respectively

denotes the sides opposite to the angles A, B, C we have the sine rule (formula) given
by

a_ _ b

sinA  sinB ~ sinC

2r

or a=2rsinA, b= 2rsinB, ¢ = 2rsinC
= ba = 2r&(sinA), db = 2r 8 (sinB), & = 2r8 (sinC)
ie., da = 2rcos ASA, &b = 2rcosBSB, & = 2r cos C8C

ba = rﬁA’ 8b :2]”58, & = 2r8C
~ - " cosB 7

cos C
Adding all these results we get,
&a db

+ +
cosA cosB cosC

or

= 2r{8A+8B+8C) =2r8(A +B+C)

But A+B+C = 180 = n radians = constant.
= 8(A+B+C) = §(constant) = ¢

da + 8b L2
cosA cosB cosC

Thus

>> Given two sides and the included angle, to compute the thrid side we have to use
the cosine formula in the standard form :

e b2+c2-2bccosA

)
Bydata, b = 60, ¢ = 30, A = 65" 24’

M
But 1°=60 = 24’ = %% =04 - A =654°

Now o = 60%+30%-2(60)(30)cos 654° = 3001 389148

a = 54,785

PR—

Y



252 DIFFERENTIAL CALCULUS - 3

Fa
Now by taking A = 65° we get,
2 = 60° +30% -2 (60)(30)cos 65° = 2978.574258
the new a = a,(say) = 54.576

0209 = 0.21

Hence the absolute errorin ‘@’ = | a—a, |

>> Let x denote the area of the triangle ABC.

x = 7 bcsin A, by data,

L]

= log x = log(1/2)+logb +logc+log(sinA}

-y 5(logx) = 8{log(1/2)]+8(logh)+ 5 (logc)+dlog(sinA)

ie., §£=G+0+0+ _l cos ASA = cot A BA

X sin A
ie., o = cot A A

X -

/-'—‘—\—-—-—""’..-_‘-’_‘

8A = 25 by dat aA—-ZE—S—O—i—“— di

B ydata.or 04 =5 =95 7 12 10 AR

ie., SA = X radians.

432
Substituting this value in (1) we get,

8 _ ysp0 . B & - o K

po = cot 32 "3 % x 100 = cot 52 432><100
8x
X

x 100 = 0.5682 = 0.57

Thus the percentage error in the area = 0.57

)
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>> Areaofthecircle (A)Y=n P

=

=

But

ar

logA = logn+2logr

d(logA) = 0428 (logr) ie., % = ZQ::

dr = 1mm bydataor 87 = 01em and r = 50

84 2 x 01
Vi =0 = 0.004
dA

ik 100 = 0.004 x 100 = 04

Hence the percentage error in the area = 0.4

Find the percentage error in calculating the area of a rectangle when an error of
+0.5% is made while measuring the sides.

Find the percentage error in calculating the area of an ellipse when an error of
~3% is made while measuring the major axis and an error of 2% is made while
measuring the minor axis.

Find the percentage error in the volume of a right circular cone when an error of
2% is committed while measuring its height as well as the radius of its base.

Find the percentage error in calculating the volume and the surface area of the
sphere due to an error of 0.75% in the radius of the sphere.

The diameter and the altitude of a right circular cylinder are measured as 4 cms
and 6 cms respectively. If the possible error in each of the measurements is 0.1
cms, show that the error in the volume and the lateral surface are respectively
l6n and m

Find the percentage error in calculating the area of a triangle due to an error of 2%
and 1% respectively in the base and the altitude.

In the relation PV = RT, find approximately the change in P correct to two
decimal places as T changes from 500 to 503, V. from 15.20 to 15.25 given that
P = 4000 and R is a constant.

If T = 1/2- mp?, find approximately the changes in T as m changes to 50.5
from50 and V to 1495 from 1500.
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L
9. Inatriangle ABC theside BC and the angle opposite to it remain constant and
the other sides and angles vary slightly, show that

&b B¢

—_— = 0.
cos B cosC

10. A triangle ABC has AB = 70cms, BC = 40 cms %A: 64° 12”. Find the error in
the computation of the side AC by approximating B to 65°.

1.1 2, -1 3. 6 4. 225, 15
6 3 7. 1085 8. 187500 10. 0.55



